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Abstract
A hydrogen discharge produced at low pressures by l-sec pulses of up to 100 kW peak incident power
at the electron-cyclotron frequency (S-band) is the subject of this research. The discharge is created in
a cylindrical conducting box that is large compared with the free-space wavelength of the pulsed micro-
waves. The plasma is confined by a steady magnetic field in the mirror configuration for times longer
than the period between microwave pulses (1 msec) and, therefore, does not extinguish between pulses.
At the low background pressures of the experiment, the characteristic ionization time of an energetic
electron is considerably longer than the microwave power pulse. Consequently, the plasma density cannot
change appreciably during the microwave pulse, and the principal effect produced by the microwave power
is to heat electrons already present to large energies. An estimate indicates that cold electrons can be
expected to gain tens of kilovolts in one microwave pulse period. Electrons that gain large energies
during the pulse produce cold electrons by ionizing the neutral background gas. The cold electrons are
lost rapidly but those created just before the next pulse gain energy from the pulse and are able to produce
new cold electrons and thus maintain the discharge.
As a function of pressure, the system exhibits two modes of operation. At low pressures (p< 10- 4 torr),
the discharge is extremely unstable and generates average X-ray fluxes of the order of 5 R/hr at the walls
of the box. The plasma density is less than 109/cm . At pressures in the range 10 -10 - 3 torr, the X-ray
intensity is less and the plasma is stable. Consequently, this pressure range received the most attention.
With each pulse, the microwave energy coupled into the discharge is stored in the kinetic energy of the
hot electrons. The peak ratio of the energy stored in the plasma to that stored in the static magnetic field
(J) is less than 10 - 3 . After a microwave pulse, the plasma energy decays rapidly with a time constant
-100 sec. The principal plasma loss mechanism is the small-angle scattering by the neutral background
gas of plasma electrons into the escape cone of the magnetic-mirror field. A theory of plasma loss into
the escape cones of the magnetic mirror is given which shows that the loss can be considered as a diffusion
of the electrons in velocity space. The theory predicts plasma decay times that can be used to estimate
the mean electron energy. These estimates agree well with measurements of the hot-electron "tempera-
tures" from X-ray Bremsstrahlung spectra. Measurements and theory are combined to explain many of
the observed properties of the discharge.
When the system is operated at low pressures (10- 6 < p < 10-4 ), a violent instability is observed.
From 1 to 10 short (1 sec) bursts of microwave radiation near the electron-cyclotron frequency can be
detected during the period between microwave power pulses. At pressures near 6 X 10 - 6 torr, the bursts
occur approximately every 100 sec in the interpulse period, and have peak amplitudes near 100 watts.
The mechanism driving this instability is not understood.
During this research, a useful variation of the well-known cavity method for measuring plasma elec-
tron densities was developed. The new method uses perturbations of many higher order modes of a cavity
and requires only that the plasma and cavity volumes be known and that the probing frequency be large
compared with any of the characteristic frequencies of the plasma. Consequently, the technique can be
used with an arbitrarily shaped cavity.
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I. INTRODUCTION
1. 1 MOTIVATION
In the last few years, there has been considerable interest in the study of very ener-
getic plasmas that are found at low background pressures. These plasmas are partially
confined by a static magnetic field and the particles in the plasma undergo large dis-
placements in the volume of the device. The motivation for this interest comes from
the controlled fusion program, since a thermonuclear plasma must necessarily be com-
posed of very energetic particles and, if successful, will be confined by a magnetic field.
The work reported here is concerned with the study of a plasma produced at low
pressures by microwave energy at the electron-cyclotron resonant frequency. The
plasma is produced in a large metal box which serves both as a vacuum wall and a con-
tainer for the microwaves. The microwaves are generated by a magnetron in 1-Lsec
pulses of high peak microwave power.
Energy at the electron-cyclotron resonant frequency selectively heats the electrons
and has almost no primary effect on the positive ions. A thermonuclear plasma must
have hot ions rather than hot electrons; consequently, it is not obvious why an electron
heating experiment is of interest in the thermonuclear program. There are several
reasons which will now be outlined.
1. One can hope that, if a large amount of energy is stored in the electrons, enough
of this energy will be transferred to the ions to increase their energy substantially.
Because the electron energy is much greater than the ion energy, an instability may
develop which will transfer energy efficiently to the ions and bring the system to equilib-
rium at some elevated temperature. Some indications that such an effect might be
expected are given by Stix. 1 Thus one can hope to heat the ions indirectly by heating the
electrons and allowing them to transfer their energy to the ions.
2. Attempts at heating plasmas by dissipating electrical energy in a plasma have
generally resulted in heating of the electrons with little effect on the temperatures of
the ions. The reason for this is that the electrons with their small mass act as a short
circuit on the fields in the plasma and absorb nearly all available electrical energy.
Selective ion heating has been accomplished by Stix and Palladino 2 through the use of
radiofrequency energy near the ion-cyclotron resonant frequency. Their technique
involved a more complicated phenomenon than the simple heating phenomenon used in
these experiments. Because of the plasma electrons, it was necessary to launch ion
cyclotron waves in the plasma to couple energy to the ions. Briggs 3 has shown that if
the electrons are very hot, they will be decoupled from the ions, with the result that one
might then efficiently couple energy to the ions by another process. An experiment in
which, after heating plasma electrons to high temperatures with electron-cyclotron
resonant energy, an attempt is made to heat the plasma ions by an electron beam has
4-7been carried out by Smullin, Lieberman, and Vlardingerbroek. Thus, heating of the
plasma electrons with electron-cyclotron resonant energy, together with a second
1
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process which heats the plasma ions, may prove to be an effective technique of heating
the entire plasma.
3. Heating of plasma electrons may aid in confining a plasma in a magnetic mirror.
Alexeff and Neidigh 8 point out that the plasma is lost at a rate governed by the loss rate
of the component of the plasma which decays most slowly. This is because a strong
space charge will be developed if one species of particles is lost more rapidly than the
electrons. The space charge will tend to hold the more rapidly diffusing particle species
in the plasma and retain charge neutrality. Since energetic particles have longer con-
finement times in a mirror, the confinement time of the entire plasma can be increased
by heating the plasma electrons.
4. Another motivation for the study of the interaction of a plasma with high-level
microwaves at the electron-cyclotron resonant frequency comes fromthe field of radio-
frequency confinement of plasmas. Using a model of the plasma which assumes infinite
mass ions and noninteracting electrons, one can show 9 ' 10 that a time average force will
be exerted on each electron by an electromagnetic field. This force can be used to con-
fine a plasma either independentlyll or in conjunction with a steady magnetic field.1 2 '1 3
The time average force can be augmented by the addition of a static magnetic field. The
simple theory 9 ' 10 shows that the magnitude of the force approaches infinity as electron-
cyclotron resonance is approached and reverses direction at the other side of resonance.
Unfortunately, the simple theory is not valid near cyclotron resonance. The average
force can also be used to accelerate a plasma. 5 Bardet, Consoli, and Geller6 have
accelerated a plasma, using microwave energy at the electron-cyclotron resonant fre-
quency. The velocity achieved along the field lines corresponded to a directed energy
of 24 keV for the ions.
1. 2 EARLY EXPERIMENTS ON ELECTRON-CYCLOTRON RESONANCE
The first studies of the effects of a uniform static magnetic field on the breakdown
of a gas by radiofrequency energy were conducted in air by Townsend and Gills,l7 in
1938. They observed the resonance occurring at the electron-cyclotron frequency and
explained it theoretically. Their experiments were later repeated in nitrogen and helium
by A. E. Brown.l8
Further studies of gas breakdown in the presence of a static magnetic field were con-
ducted by Lax, Allis, and S. C. Brown. 1 9 They solved the Boltzmann equation for the
distribution function of a gas consisting of helium with a small admixture of mercury
(Heg gas) and were able to accurately predict breakdown fields as a function of gas pres-
sure and magnetic field.
An attempt to produce a high-density plasma by using microwave energy was under-
taken by members of the Microwave Gas Discharge Group of the Research Laboratory of
Electronics, M. I. T., in 1956.2024 They used a cylindrical resonant frequency excited
in the TE1 1 1 mode by S-band microwave energy. A steady magnetic field was placed
along the cavity axis and adjusted to electron-cyclotron resonance. The plasma was
2
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confined by a quartz tube along the cavity axis. They achieved a plasma density
6 X 1011/cm3
In all of the M. I. T. experiments microwave fields were used in one of the funda-
mental cavity modes, and they all suffered from the fact that the plasma tended to
decouple itself from the microwave power source. The decoupling occurs since, as
the plasma density increases it excludes the microwave fields from its interior and
detunes the cavity. In this way, the plasma controls, very effectively, the amount of
microwave power coupled into the cavity and thus regulates its density. At large inci-
dent microwave power levels, this regulation produces a plasma whose electron plasma
frequency is near the applied frequency, which at S-band implies a plasma density of
the order of 10 11/cm3. A method of using the fact that at high densities a plasma
excludes microwave energy from its interior was developed by Fessenden 2 5 to produce
a dense plasma at high pressures in the absence of a steady magnetic field. He achieved
a plasma density of 1014/cm 3 by using the dense plasma as the center conductor for the
TE 1 1 1 coaxial mode at S-band.
In 1960, a series of experiments was begun at Oak Ridge National Laboratories by
a group headed by R. A. Dandl. In these experiments a hot electron plasma was pro-
duced at low pressures by high-level microwaves at the electron-cyclotron resonant
frequency. These experiments are similar to the experiment described in this report,
and consequently then will be described in detail here.
1.3 THE OAK RIDGE EXPERIMENTS
Dandl and his co-workers2 6 32 abandoned the use of a fundamental mode cavity and
used a cavity that was many cubic half-wavelengths in volume. High-level microwave
energy is injected into the large cavity or resonant box. Due to the fact that the plasma
is much more lossy than the walls of the box, the microwave energy is dissipated in the
plasma. The use of a large cavity obviates the decoupling problem encountered by the
M. I. T. group. In the large cavity the mode density is high near the applied frequency
and the cavity impedance to the microwave line is relatively independent of frequency.
Thus detuning of the cavity as a result of the plasma will have little effect on the amount
of energy coupled into the cavity.
The Oak Ridge experiments were performed on a plasma in several resonant boxes
that had volumes as great as 10 cu ft. In all cases, the boxes had axes of symmetry
along which static magnetic fields in the mirror configuration were placed. The reso-
nant boxes have been excited with cw microwave power at combinations of frequencies
and energies which have included: 1 kw at 2. 3 Gc; 26 1 kw at 10. 3 Gc; 29 and 25 kw at
10. 6 Gc. In all cases, the mirror magnetic fields were adjusted so that electron-
cyclotron resonance occurred within the resonant box. The systems were operated at
pressures in the neighborhood of 10 5 torr. Hydrogen or deuterium gas was continually
admitted to the system and pumped away by the vacuum pumps. The pressure in the
system was adjusted by regulating the gas flow rate.
3
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These systems were observed to operate in two regimes. At low pressure, the dis-
charge is very unstable and generates a large flux of X rays. As the pressure is
increased, the operation switches to a very stable regime with an increase in plasma
density and a reduction in X-ray production. The transition pressure was near
-52 X 10 torr.
In one of the later experiments 3 1 in which 25 kw of incident microwave power was
used, the Oak Ridge group reports a plasma with a volume of approximately 40 liters.
The total energy stored in the motion of the hot electrons was several hundred joules
which gave = 0. 3 ( is the ratio of the plasma kinetic pressure to the pressure exerted
by the static magnetic field).
The experiment produces a tremendous flux of X rays which means that more than
40 tons of lead must be placed around the machine to shield workers in the area. Meas-
urements of the X-ray energy spectrum yielded a mean electron energy of the hot
electrons greater than 100 keV.
At low pressures, when the discharge was operating in an unstable mode, an insta-
bility was detected in which bursts of X rays were generated at a wall of the cavity.
Lead absorption measurements of X rays produced by these instabilities indicated an
energy of 5 MeV.
Observations of the plasma with a pinhole camera that was sensitive to X rays
indicated that most X rays came from the side walls of the resonant box. When operated
at higher pressures in the stable regime, a volume in the center of the plasma could be
detected in the X-ray pinhole photograph as being a weak emitter of X rays. The shape
of the volume was that of an oblate spheroid whose axis lay along the magnetic field.
The discharge was also studied by observing the decay of plasma parameters when
the microwave excitation was removed. The decay showed that at longer times, the
microwave noise temperature, the X-ray intensity, and the light decayed exponentially
with the same time constant. This time constant was 0. 4 sec. Also, the X-ray
intensity, light, and diamagnetic signal showed an initial exponential decay with a time
constant of approximately 0. 04 sec, or 1/10 the decay time constant observed long after
turnoff. They state that the long decay time constant is in agreement with that calculated
by Spitzer 3 3 as, the self-collision time for a hot-electron plasma of a density 1012 and
a temperature of 100 keV.
The plasma electron density of the Oak Ridge experiments was measured with the
use of several techniques: it was estimated from measurements of electron temperature
and plasma diamagnetism 2 6 ' ; it was measured with the aid of a neutral beam
probe29, 30, ; it was calculated from a measurement of the intensity of radiation from
a given plasma volume 3 1 ; and it was measured by using microwave interferometers at
8 mm and 4 mm. With the exception of the interferometer measurements, all of these
above techniques gave the same plasma densities which, for their highest power experi-
ments, were of the order of a few times 1012/cm3. The interferometer gave densities
three to ten times lower than those obtained by using other techniques. At turnoff, the
4
interferometer gave plasma density decays that were three times faster than decays of
the other plasma parameters. The reason for this discrepancy is unknown.
In addition to the above-mentioned series of experiments, the group at Oak Ridge
experimented briefly on a plasma produced at electron-cyclotron resonance in a cusp
magnetic field geometry. 3 4 They report long confinement times and a plasma noise
temperature of a few hundred volts.
1.4 PURPOSE OF THE PRESENT WORK
The main purpose of the work reported here was to study the properties of a plasma
produced by microwave energy at the electron-cyclotron frequency. Of particular
interest are the processes occurring in the discharge which account for the production
and loss of the plasma particles.
A second objective of these experiments was to attempt to determine experimentally
the phenomena controlling the energy of the plasma electrons. In attempting to explain
the hot electrons in the Oak Ridge experiments, Seidl35 has estimated that in a nonuni-
form magnetic field, electron energies should be limited to values 1/100 of those found
experimentally by the Oak Ridge group. Consequently, in order to explain the large ener-
gies found in the Oak Ridge experiments, Seidl proposes a statistical heating mechanism
that arises because of collisions in the experiment. A second limitation to the electron
energy has been proposed by Mourier and Consoli3 6 who show that in a uniform magnetic
field, the energy gain of electrons will be limited, since as the particle gains energy its
mass increases and the electron falls out of phase with the microwave fields. They neg-
lect the alternating magnetic field. This limitation is of questionable validity in a nonuni-
form magnetic because it is conceivable that some electrons may move to regions of
increasing magnetic field as they are heated and in this way remain in resonance for
longer periods. As a matter of fact, Roberts and Buchsbaum,37 in studying the inter-
action of a circularly polarized travelling wave with an electron in a uniform magnetic
field, showed in an exact solution of the problem that the relativistic change in mass of
an electron will be exactly compensated by an acceleration of the electron in the direc-
tion of the wave that is propagating along the magnetic field line. The movement of the
electron along the field line causes the fields seen by the electron to be Doppler-shifted
by just the amount required to compensate for the change in mass of the electron so that
the electron remains forever in resonance with the fields. The existence of such an
effect was first pointed out by Davydovskii.38
The experimental equipment used in the researches to be reported here employs a
large resonant box as in the Oak Ridge experiments, but with a pulsed rather than a con-
tinuous microwave source. There are several advantages to employing a pulsed source
and one serious disadvantage. Some advantages are: (i) high-level pulses of microwave
energies are obtainable from inexpensive magnetrons, which means that studies of inter-
actions of a plasma with high-level, pulsed microwave energy can be performed rela-
tively economically; (ii) the serious X-ray problem encountered at Oak Ridge will be
5
_I_· _·__^·_ 1111111 1-1114__--^- -.- L-I-P -1 11 -
diminished by approximately the duty factor of the microwave signal if a pulsed source
is used; and (iii) excitation of the plasma by a pulsed source is an ideal way of studying
production and loss processes in the discharge because one can see how the plasma
recovers after a sharp burst of radiation; this can be likened to finding the impulse
response of a linear system. The serious disadvantage is the large difference in aver-
age microwave power levels between these experiments. One would expect the average
plasma density achieved in these experiments to be much less than that obtained in the
Oak Ridge experiments. Consequently, important phenomena in one experiment might
be negligible in the other, and experiments of one may not aid in predicting the behavior
of the other. In fact, this was not the case and the two experiments do have many
similarities.
1. 5 OUTLINE OF THIS WORK
Section II develops ideas that are helpful in understanding the processes occurring
in the experiments. The first part reviews simple adiabatic mirror theory3 9 and shows
that for a particular mirror field along its axis (parabolically curved field lines) the
electrons execute simple harmonic motion axially in the mirror. The second part con-
siders the effects of collisions of the plasma electrons with the neutral background gas.
It is shown that as a result of these collisions, energetic electrons will eventually be
scattered into the escape cone of the magnetic mirror and be lost from the system. A
theory for the loss of plasma is given which shows that if the plasma electrons are mono-
energetic, the density decay will be composed of an infinite number of exponentials, each
of which corresponds to the decay of a velocity space-diffusion mode of the plasma. The
third part considers the heating of electrons in a nonuniform magnetic field near the
electron-cyclotron resonant frequency. It is shown that even for moderate microwave
fields an electron can be expected to undergo a large change in energy in a single pass
through the resonant region. This violates a basic assumption of the theory presented
by Seidl, 3 5 and probably explains why Seidl's theory predicts electron energies much
lower than were actually observed.
Section III gives a description of the experimental apparatus and the results of var-
ious experiments. These experiments reveal that the plasma reaches a peak density of
a few times 100/cm3 , approximately 100 sec after the l-lsec microwave heating pulse.
The plasma is composed of two groups of electrons. One group has an average energy
of 5 keV-20 keV, and a peak density 5 X 109/cm 3 . The second group is cold (Te <
10 volts) but is approximately five times more numerous. Several interesting experi-
mentally observed phenomena are reported which are still not understood.
Section IV presents explanations of the observed experimental results and of the
electron production and loss processes, insofar as explanations can be given now. The
explanations of the time behaviors of the various plasma parameters described in Sec-
tion II are given, and speculations about some of the unexplained phenomena are offered,
together with suggestions for further work.
6
There are five appendices. The first considers the small-angle scattering of elec-
trons by neutrals. The second describes the methods used in calibrating the diamagnetic
signal probes. The third discusses a new microwave perturbation technique which was
developed in these studies and provided valuable clues to the processes occurring in the
plasma. The fourth presents the formulas that were used in studying the X-ray
Bremsstrahlung spectra of the electrons. The fifth considers the evaluation of an inte-
gral which is used to indicate the effects of a distribution of electrons in energy on the
decay of plasma electron density in a mirror.
7
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II. THEORETICAL CONSIDERATIONS
This section is devoted to the development of ideas leading to an understanding of
the processes occurring in the experiments. Motions of particles in a magnetic mirror
field are considered in the first part, with adiabatic approximations used. In the sec-
ond part, the loss of particles from a mirror because of collisions with the neutral back-
ground gas is considered. In the last part, an estimate of the gain of energy that an
electron experiences when it is accelerated by microwave fields in a nonuniform static
magnetic field is presented.
2. 1 MOTION OF ELECTRONS IN A MAGNETIC MIRROR
We shall now consider the motion of electrons moving freely in a magnetic mirror.
The adiabatic approximation 4 1 is used; that is, we shall assume that the magnetic
moment, i = mvjl/2B, is a constant. This approximation is valid if the change in the
magnitude of the magnetic field seen by the electron in the time of one cyclotron gyration
is small compared with the magnitude of the magnetic field. 4 1 Since the electrons inter-
act only with the magnetic field, and they are assumed not to radiate, the total energy
of each electron is constant. This fact and the previous approximation allows one to
calculate in considerable detail the nature of the motion of an electron along the field
lines in a magnetic mirror.
a. Confinement of Particles in a Mirror Field
Let us assume that, in cylindrical coordinates, the magnetic mirror field can be
considered to be independent of the r coordinate, and that it changes in the Z coordi-
nate according to
B = Bo (l+A 2Z 2 ) iz . (1)
This dependence of the magnetic field of the Z coordinate agrees well with measure-
ments of the experimental magnetic field along its axis (see Fig. 4).
Define 0 as the angle between the perpendicular component of the velocity vector
and the total velocity vector at the center of the mirror as in Fig 1. This angle will be
referred to as the "mid-plane angle."
The constancy of the magnetic moment I± allows us to write
2 2 2
mv 1 v cos +
2B = 2B = constant, (2)
where 4 is defined as the instantaneous angle between the vectors, v and v, as the
particle drifts along the Z axis, (=0 at Z=0). Now v2 is a constant; consequently, if
the particle moves so that B increases, will decrease to zero, at which point the
8
particle must be reflected. This is the mechanism by which a magnetic-mirror field
confines a plasma. Notice that the confinement is independent of total particle energy.
v.I
- I
Fig. 1. Definition of mid-plane angle 0.
VII
Not all the particles are confined, however. Let Bm be the maximum magnetic field
existing in the region that the particle can occupy. If the particle is just reflected at the
point Bm, we have
2 v2 cos 2 0
V c
B B
m o
or
B
0 1
cos0 =
c B - (3)
where R is the mirror ratio. The critical angle 0c defines a loss cone for the mirror;
for if a particle passes the mirror center with an angle 0 greater than c', it will not
be reflected before it reaches the field maximum Bm and will be lost from the system.
b. Adiabatic Motion along the Field Lines
The Z motion of the particle is found from
dZ
v dt v sin4. (4)
Sin 4 can be expressed as a function of Z by using the expression for the magnetic field,
Eq. 1, and the relation
cos = cos .
0
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The motion equation obtained from Eq. 1 is
d Z /= v/1 - (1+AZ2 ) cos 0
with the solution
Z(t) - ta sin at,
where
a = Av cos 0,
(6)
(7)
(8)
and we have chosen Z = 0 to coincide with t = 0. Hence, the particle moves sinusoidally
back and forth in the mirror with a period
2 Trr
Av cos 0 if 0 .c (9)
Since in the experiment the pulse length is 1 Lsec, it is useful to calculate the number
of cycles an electron can make in this time in the magnetic field. The use of Eq. 9 for
a mirror of ratio 3, a parameter A = 0. 165/cm, and a central angle 0 of 50 ° are listed
in Table I.
Table I. Number (n) of circuits of the mirror field
in 1 Lsec as a function of its energy (u).
by an electron
Mirror ratio 3; A = 0. 165, 0 = 50 ° .
u (volts) n
10 8. 7
100 25. 5
1,000 87
10, 000 275
so (v=c) 434
At 50 ° angle 0, the particle is reflected at a distance of 8. 4 cm from the mid-plane.
2. 2 DISTRIBUTION OF PARTICLES IN VELOCITY SPACE
The results indicate that a particle whose velocity vector does not fall into the
escape cone of the mirror will be forever trapped inside the system. In reality, this
is not the case because collisions will disrupt the motion of the particle and cause the
mid-plane angle (0) of the velocity vector to wander until it becomes greater than the
critical angle (c) when the particle will be lost from the system.
10
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In a partially ionized plasma, electrons can collide with themselves, with positive
ions, and with the unionized particles that comprise the background gas. If the plasma
is very weakly ionized, as it is in the experiments reported here, the last process dom-
inates. Ben Daniel and Allis 4 2 have considered collisional scattering from a magnetic
mirror in a fully ionized plasma. Here the charged particles interact by long-range
coulomb collisions, which have very large cross sections at low energy. They solve
the problem rigorously, using Rosenbluth4 3 potentials to solve the Fokker-Planck equa-
tion.44 Hereafter we shall consider scattering which results from electrons colliding
with the neutral background gas.
a. Small-Angle Scattering of Electrons By Neutrals
If the energy of an electron colliding with a neutral molecule is much greater than
the ionization potential of the most tightly bound electron, the incoming electron will
penetrate the electron shell of the molecule and will be deflected by the atomic nucleus.
Almost all of these collisions will cause the incoming electron to be only slightly
deflected from its incoming path and small-angle collisions will predominate. The theory
of small-angle scattering by a collection of neutrals is well known,45 and is presented
in rough fashion in Appendix A. The theory shows that, since each collision is an inde-
pendent event, the velocity vector of an electron will experience a mean-square angular
deflection <AO >2 from a collisionless path, which increases linearly with time. In
Appendix A it is shown that the mean-square angular deflection <0A >2 is given by
2 K
<A > 2 = K = Kt, (10)
v
s
where
P 7
K = 3. 10 X 10 (1 + .275 log T). (11)
T3/2
Here, p is the neutral gas pressure in torr; T is the electron energy in keV; and t is
the time required for an electron to scatter through the mean-square angle <AO >2
b. Distribution of Paritcles in the Mid-plane Angle
Let (0, t) 0 be the number of electrons at a time t with a velocity magnitude v.
Furthermore, assume that the direction of the velocity vector of these electrons falls
at some angle between 0 and + when the electron is at the center of the mirror.
We shall solve for this function by considering the conservation of particles in velocity
space. It is first necessary to make an assumption that requires explanation.
As the particle moves back and forth along the field lines, the effective escape cone
varies. Consider an electron that is just reflected at the point of maximum magnetic
field. If the electron is exactly at the point of reflection, any collision will give it some
11
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axial motion. It will be lost then at that moment, or on its next penetration of the
mirror. At the point of reflection, the escape cone fills all of velocity space. As the
Fig. 2. Definition of mid-plane angles
01' 02, and 03
MIRROR CENTER
electron passes the mirror center, the escape cone is correctly given by Eq. 3. This
effect causes an increase in the rate of diffusion as 0 increases. We shall assume that
this effect may be neglected.
We shall now consider a simple derivation of the function f(0,v,t). Let v be the
rate at which electrons are lost from an element in 0 space, as shown in Fig. 2. By
virtue of the above assumption, v is independent of 0. It will, however, be a function
of velocity. Writing a conservation equation for the function at the angle 02 gives
d~(0 2 ) v
dt =-vsO() +2[4(0I)+ '(03)], (12)
in which it has been assumed that a particle scattered out of the elemental volume at
02 had an equal probability of being scattered into the volume at 01 or into that at 02. If
we set 01 = 02 - AO and 03 = 02 + A and expand (12) in a Taylor series about 02, we
find to lowest order
d4 V s )2 d2
dt 2 ( ) 2dO
Substituting from (10) gives
d, K d 
dt 2. (14)dO
This derivation is not correct because we have neglected the fact that we are working
in spherical coordinates and the volume element and its surfaces depend on 0.
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The correct result is
dO = K -(d tan d? ) (15)
dt2 2 dO,
which must be solved subject to the boundary conditions
,(0,t) = (-O,t); ,(0,t) = 0, 0 0 c. (16)
-a t
Equation 15 is separable and after putting D(O,t) = On(O) e , we find
d2 d ( a
n tan 0 n + K =0 (17)dO2 dO K n
which reduces to the Legendre equation after the substitution u = sin . This equation
has been studied by Ben Daniel and Carr46 with a view toward the very similar problem
of scattering from a mirror caused by coulomb interaction.
At this point, we are looking for physical insight rather than rigor; consequently,
we shall drop the second term of (15). We shall show that with this approximation a
very good estimate for an can be obtained with a minimum of effort.
Neglecting the second term of (15) gives (14). The solution of (14), subject to con-
ditions (16), is found to be
t
,(0,t) = An e n cos ((n+l/2) T8 O, (18)
O n 0 c
where
an = (n+l/2) J 2 ' (19)
In Eq. 18, the only parameter that depends on electron energy is an. The depend-
ence is contained in the parameter K which is given in Eq. 11. Consequently, the spa-
tial varation of each of the diffusion modes is independent of electron energy. The time
decay of the electrons in a mode is quite complicated. This can immediately be seen
by writing an equation for the total number of electrons of the pth mode as a function of
time. If f(v, 0) is the normalized speed function at t = 0, we have
NP(t) = dO dv p(O,v,t) f(v, 0). (20)
c
Substitution from (18) and integration with respect to 0 yields
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N (t) = c (-1) A e P f(v, 0) dv. (21)
NP =Trr(2n+ 1)
If all of the electrons have the same speed, vo(f(v, 0) is a delta function at vo), the
integral in (21) can be evaluated and the electron density of the p mode will decay as
a simple exponential. In the general case of a nonsingular distribution function, the
decay of the pth mode is more complicated. These questions will be reconsidered in
section 4. 2.
If the initial distribution 1(0, 0) is known, the coefficients Ap can be evaluated from
the expression
' c 0 c(22)Ap =0 c ,(,)cos (2p+I) Tr dO. (22)
Equation 18 shows that the decay of the electron density of a plasma in a mirror can
be decomposed into an infinite number of modes that decay at different rates. Because
the modes decay exponentially at rates that increase rapidly with n, the distribution in
o will rapidly relax to the n = 0 mode. This is the usual behavior of such systems;
after one or two fundamental mode decay times, high modes have effectively disappeared.
The approximate solution to this problem obtained from (14) retains all of the physics
of the exact solution and, in fact, is indistinguishable from the exact solution for experi-
mental purposes. Table II gives a comparison of the decay constant an/K calculated
from (14) with the exact value of an/K calculated from (15) with the aid of Ben Daniel's
graphs 4 6 for a mirror ratio of 3.
Table II. Comparison of decay constants calculated from Eqs. 14 and 15.
n an/K (approx.) an/K (exact)
0 1. 36 1. 32
1 12. 25 12.4
2 34. 1 32.8
3 66.7 67.0
4 110.5 110.0
2.3 SPEED FUNCTION
The distribution of the plasma electrons in speed is difficult to find. The distribu-
tion is established through the interactions of the electrons with the microwave fields in
the nonuniform magnetic field. As was pointed out in section 2. 2, the electrons are able
to pass through the resonant region in the magnetic mirror many times during the
1-,usec period of the microwave pulse. We estimate here only the magnitude of the
14
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effects to be expected and point out some effects that will be used as possible explana-
tions of observed experimental results.
In the theory that is presented here the following assumptions are made which are
justified only because they permit estimation of the effect.
1. Relativistic effects are negligible.
2. In the interaction region, the particle moves with constant velocity along the
Z axis.
3. The alternating magnetic field may be neglected.
4. The electric field in the interaction region is (a) purely transverse to the mag-
netic field; (b) uniform for one-quarter wavelength either side of the point where the
local cyclotron frequency is exactly equal to the applied frequency; and (c) zero else-
where.
5. The velocity along the Z axis is small enough so that, in the time that the par-
ticle passes through the interaction region, the particle makes many cyclotron gyrations.
6. The only component of the electric field that is important is that circular com-
ponent which produces resonance.
Heating at the cyclotron resonant frequency will be investigated in two regions in
the magnetic-mirror field. In the first region to be considered, the point on the axis
at which resonance (b=WC) occurs is assumed to be far enough from the center of the
mirror, so that the magnetic field can be assumed to change linearly with Z. In the
second region, the point of resonance is assumed to lie exactly at the mirror center
where the magnetic field varies quadratically with Z. These points will perhaps be
made clearer by considering an expansion of Eq. 1 about the point Z on axis at which
the cyclotron frequency is exactly equal to the applied frequency. Substituting Z =
Z + AZ in this equation gives
0 A 2
B(Z) = (Z + 2Z AZ+ AZ AZ (23)
B + A 1Z + Z
0 o
where
B(Zo) = Bo(1+A 2 Z) (4)
If AZ/Zo is sufficiently small, the last term of (23) can be neglected and we have
the first situation described above. If the point of resonance occurs at Z = 0, we have
2 2B(Z) = Bo(l+A AZ ) (25)
and the second situation.
a. Resonance Away from the Mid-plane of the Mirror
The motion equation to be solved is
15
dV = [E+VXB]. (26)
This equation will be solved in complex notation, subject to the approximations listed
above. The electric field written in complex notation is
E(t, Z) =Re irE e t &Z <(27)
(27)
=0, lAZ[ > 4
Here, AZ is the distance from the point of resonance Z, and ir is the unit vector of the
right-hand rotating wave given in terms of Cartesian vectors by
lr =- , (i+jiy). (28)
This vector has the special properties
ir iZ j ir
i xi =ji (29)r r
i i = 0.r r
r r
Substituting Eqs. 27 and 29 in Eq. 28, we find for the ir component
2 z
dv ( e jwtdv jI + e) AZ v =e E ej t (30)
dt 22m1 + r
Here, we have also used (23) and the fact that resonance is assumed to occur precisely
at the point Z o . If the velocity of the electron along the axis is VZ, we have
hZ = Vz(t-6), (31)
where
X/4 c
6 V 2V z (32)
The parameter c is, as usual, the velocity of light. We now solve (30) over the
interval in time 0 t 26 and find
v(26) V ej26+ eE ej[w26+p 262] p6 e dX, (33)
whm er-p
where
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P = I
1 (l+A 2 Z)
and V[ is the perpendicular component of the electron velocity at t = 0. The integral
in (33) is a form of the Fresnel integral and has been tabulated in Jahnke and Emde.4 7 If
p6 is greater than approximately 10, the limits of integration can be extended to infinity,
in which case the integral can be evaluated by contour integration to yield
e - J 2 dX = F.TW e -jw/ 4 )
-oo
This approximation is valid if
1 2 wVz(+A Z 2)
0. >p6 TrAc Z (35)
o
which limits this theory to particles that have a directed energy along the Z axis of less
than 500 volts.
The energy gain in volts can be estimated by computing the square of the real part
of (33) and multiplying by m/2e. This yields
e 2 e EI E I 22u + au = 4m|V± 2m+p | 2+ cos [p26 +i-w/4] (36)
where d2 is the angle between V1 and E(O). Consequently, one sees that, as a result of
one pass through the resonant zone, the change in energy arises from two terms: one
which gives a positive increase in energy each time, and another which may result in
either a positive or negative change in energy, the sign depending on the entering phase
angle ~L.
b. Resonance at the Mid-plane of the Mirror
If Z = 0, the resonant point is at the mirror center. The motion equation for this
case is
dv jo(l+A 2V2(t-) 2) ) = eE ejot (37)
dt m
with the solution
V ej[2Y3 563 +26 -eE ej[363+3+26] 8' 6 -jA 3
v(t) = V e[2 I+X]+ eE A 33e d\, (38)
where
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Y= 3  (39)
As in the previous case, the integral can be evaluated by contour integration if y¥
is sufficiently large (>5). We find
e dX 3 r(1/3) = 1. 545. (40)
Upon computing the energy charge in volts as in the previous case, we find
elE 2 r2(1/3) IVI _ I E I
Au = + r- (1/3) cos , (41)
12my2 6
where Li is, as before, the angle between V and E(O) and is a random variable.
As might be expected, the heating is more efficient at the mirror center than away
from center. This fact is evident in Eq. 36: the change in energy for one pass through
the resonant zone increases as Z becomes small. It is now interesting to show that
heating at the center is always more efficient than heating away from center. To accom-
plish this, let us compare the magnitude of the second term of (36) with the first term
of (41). Before making this comparison, notice that a particle passes twice as often
through a resonant zone if the zone is at a point Z * O0 than if the zone is at the mid-
plane. Upon dividing twice the energy gain Au(ZO) at a point Z0 * 0 by Au(Z=O), that
is, the amount gained at the center, we find
2Au(Zo) 6w 2 (42)
Au(Z=) r (1/3)
Substituting from Eqs. 33 and 39 and using the inequality of Eq. 35 yields
2Au(Z) 62 1 2/3 2/3
au(0) 2(1/3) ( o1+A2 ) (4 ) (43)
Now, for the expression for u(Zo) to be correct, Z must be greater than X/4. Conse-
quently, setting ZO equal to X/4 yields an absolute upper limit and allows an evaluation
of (43). This yields
2au(Zo )
< 0. 28 (44)
Au(Z =0)
and demonstrates that the heating is most efficient at the mirror center. The physical
explanation of this conclusion is simply that the heating is most efficient where the
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magnetic field is the most uniform.
c. Cyclotron Heating of Hot Particles in the Mirror
We shall consider the heating of particles whose velocities along the field lines are
not negligible compared with the velocity of light. We modify the assumption concerning
the spatial variation of the microwave electric field. In section 2. 3b the field was
assumed to be uniform and to extend over a region one-half wavelength along the axis
of the mirror. Now, we assume that the electric field varies sinusoidally along the Z
axis and is given by
E(Z,t) = Re[Eir e Cos cZ. (45)
Let us also assume that only heating occurring at the mid-plane of the mirror need
be considered. This assumption is partially justified by arguments presented before.
The motion equation is found to be
dvt b[l+A Z v = e [ej(t+Z/c) +-j(tZ/c)1 (46)dt ] v L E
Assuming that the Z position is given by Eq. 32 and substituting this equation in
Eq. 46, we find
dv 2 V= eE jwt(l+Vz/C) -jW6Vz/c
dt jWbA Z e
eE jwt(1-Vz/c) j6Vz/c
+ ~~-e e . (47)
Equation 47 exhibits two resonant frequencies: one when b = (1 +- c) and the other
when b = 1 - ). This result is a manifestation of the Doppler effect.
If we assume that Vz/c is sufficiently large, the two resonances may be treated sep-
arately. The solution is that given by (38) with replaced by w(1±V /c) and E replaced
by E/2. Because the parameter y defined in (39) varies as 1/3, the heating will be
slightly more efficient for the case of resonance at the lower frequency.
The Doppler effect can lead to resonances at values of magnetic field considerably
different from the resonant value in the absence of the effect. If the particle energy
=40 keV, the parameter Vz/c is approximately 0. 3 which leads to a 30% change in the
value of magnetic field at which resonance occurs.
d. Estimates of Energy Gains and Their Effect on Confinement
Let us compare the magnitudes of energy gains of electrons moving through the reso-
nant zone for various assumed values of the microwave field. Table III shows the energy
change of an electron that makes one pass through the resonant zone as calculated from
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Eq. 41. Table IIIA shows the change in energy for an electron owing to the first term of
Eq. 41, and Table IIIB shows the maximum energy change owing to the second term of
Eq. 41. The total change in energy of the electron is then the value given in Table IIIA
plus the corresponding value in Table IIIB multiplied by cos P.
Table III. Energy gains in volts of an electron passing once through the
resonant zone, as calculated from Eq. 41.
A. Energy gain from first term (Au 1 ) of Eq. 41.
E volts/cm
Vz/C 100 1000 10,000
0. 01 70 7000 700,000 au 1
.0318 32. 4 3240 324, 000 (volts)
B. Energy gain from second term (Au 2 ) of Eq. 41.
E volts/cm
Vl/c VZ/C 100 1000 10,000
.0632 .01 220 2200 22,000
.0632 .0318 150 1500 15,000 Au 2
.2 .01 700 7000 70,000 (volts)
.2 .0318 475 4750 47,500
Table III shows that an electron can gain much energy in a single pass through the
resonant zone. Table I shows that even relatively low energy electrons make many
passes through the resonant zone in the time of the microwave pulse (1 psec). Conse-
quently, the heating should be very efficient and an electron can easily gain 25-50 keV
in one microsecond, even at small microwave fields.
These results may explain why Seidl estimates that electrons in the Oak Ridge
machine should be limited to values 1/100 of those found experimentally. In his
theory, Seidl assumes that the energy gain of an electron in one back-and-forth trajec-
tory in the mirror is small compared with the initial energy of the electron. These
calculations show that this is not the case.
For low-energy particles, the increase in transverse energy over the longitudinal
energy decreases the midplane angle 0 and tends to concentrate the particles at the
mirror center and consequently enhance the mirror confinement. For high-energy par-
ticles, the energy gain can be either positive or negative, the sign depending on the angle
between the transverse velocity vector and the electric field vector as the particle enters
the interaction region. If the energy gain of an electron is negative, that is, the electron
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gives energy to the microwave fields, an increase of the mid-plane angle 0 is experi-
enced and the velocity vector of the electron may be thrown into the loss cone of the
mirror, with the result of an immediate loss of the electron.
2.4 SUMMARY
A discussion of effects that are present when electrons move in a magnetic mirror
has been presented. By using adiabatic mirror theory, it was shown that electrons
move sinusoidally back and forth along the mirror axis with a frequency determined by
their velocity and the sine of the angle between the velocity vector and the magnetic field
as the electron passes the mirror center. If the plasma density is small, the particles
escape by being scattered into the mirror loss cone as a result of many collisions with
the neutral background gas. This process can be considered as a diffusion process in
velocity space and results in the formation of an infinite number of diffusion modes in
the parameter 0, which is the angle between the velocity vector at the mid-plane of the
mirror and the mid-plane itself. The higher order modes decay most rapidly so that,
at times that are long after an excitation by the source which produces the discharge,
the plasma will be found in the lowest diffusion mode.
The problem of electron cyclotron resonance in nonuniform magnetic field was con-
sidered approximately. It was shown that if the particle energy is small, the electron
interacts very strongly with the electromagnetic field and can gain a large amount of
energy at moderate values of the electromagnetic field. It was also shown that the inter-
action is most efficient where the field is the most uniform, which implies that maxi-
mum heating should be experienced at the center plane of the mirror. It was also
pointed out that for low-energy electrons, the effect of heating is to increase the trans-
verse energy of the electron and consequently aid in the confinement of these electrons.
For more energetic electrons, however, the transverse energy gain can be either nega-
tive or positive and, if negative, the resulting loss of transverse energy can cause the
electrons to fall into the escape cone of the mirror and be immediately lost from the
discharge.
As an electron gains energy, the point in the magnetic field at which the electron is
resonant with the microwave field shifts, because of the Doppler shifting of the frequency
of the microwave field as seen by the electron. This effect can cause the magnitude of
the magnetic field at which the electron is resonant to change as much as 30% as the
electron gains energy.
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III. EXPERIMENTAL EQUIPMENT AND RESULTS
The experiments performed as part of this research constituted an investigation
of the behavior of a hydrogen plasma that was produced at low pressures by pulses
of high-level microwave energy at the electron-cyclotron resonant frequency. The
plasma was produced in a cylindrical metal box which served as the vacuum vessel.
A mirror magnetic field was impressed along the axis of the box and adjusted so
that the regions where the electron-cyclotron frequency was exactly equal to the
applied microwave frequency fell within the box. One-microsecond pulses of micro-
wave energy at 2. 9 Gc frequency were produced 1000 times each second and coupled
into the box to produce the plasma. We shall describe the experimental apparatus
and the experiments that were performed.
3. 1 General Description
A picture of the system showing magnets, pumping system, resonant box, and
lead shielding is given in Fig. 3. The lead shielding (3/8 inch thick) was neces-
sary to protect the operator against X rays produced during the experiment. Also,
3/8 inch lead walls are placed between the resonant box and the operator and other
people in the area for added protection. The shielding reduced the radiation to less
than 5 mr/hr under the worst operating conditions in places occupied by people.
a. Resonant Box
The hydrogen discharge studied in these experiments was generated in a cylin-
drical box, 16 inches in diameter and 9. 5 inches wide at the outer edges of the box.
Both ends of the box are dished inward so that along its axis the box is 7 inches
long. The box is constructed of 1/8 inch stainless steel, which was copper-coated
to decrease its surface resistance to microwaves. Seven ports are present in the
cylindrical wall of the box; these served as access ports for the microwave energy and
for the various diagnostic tools, as well as for the pumping system. A diagram of the
box showing the arrangement of the ports and some of their uses is given in Fig. 4.
The microwaves that produced the discharge were coupled into the box from
S-band waveguides through a glass iris which formed the vacuum seal. The vol-
ume of the box is approximately 3 X 10 cm3 , which is 220 cubic-half-wavelengths
at the applied frequency of 2. 9 Gc. This means that the microwave fields that
exist in the cavity at this frequency are those principally of cavity probes whose
mode number is near 220. Measurements of the box in the absence of a dis-
charge indicate that the box resonates approximately every 10 or 15 megacycles
near 2.9 Gc. The loaded Q's of these modes vary but for some modes it was
observed to be of the order of 10,000. These Q's were measured by observing
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Fig. 4. Resonant box.
the decay of energy in the cavity as the microwave excitation was removed.
Microwaves were prevented from escaping from the resonant box into the vacuum
pumping system by placing a microwave filter between the pumping system and the box.
The filter consisted of many 1/2 inch diameter tubes approximately one inch long, sol-
dered together with their axes parallel to form a filter 4 inches in diameter and one
inch thick.
b. Microwave Plumbing
Figure 5 shows a diagram of the S-band microwave plumbing. A 2J66 magnetron
is used to generate 1-Iisec pulses of microwave energy up to 100 kw peak power at a
repetition rate of 1000 pulses per second. The magnetron is tunable from 2. 85 Gc to
2. 9 Gc. The magnetron is followed by a directional coupler, a ferrite isolator, a power
splitter 4 9 for controlling the power level on the microwave line, a second ferrite iso-
lator, a 20-db dual directional coupler for monitoring the forward and reverse micro-
wave power levels on the microwave line, a gas TR switch, and, finally, the resonant
box. No coupling adjustments or special transitions are used to couple the resonant
box to the microwave line. A small coupling loop, attached to a cutoff attenuator and
a microwave diode, is used to monitor the microwave level within the resonant box.
ISOLATOR
DUAL
ISOLATOR DIRECTIONAL
COUPLER
RESONANT BOX
2J66
MAGNETRON
Fig. 5. S-band microwave line.
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Each of the outputs of the dual directional coupler is attached to a bolometer-type micro-
wave power meter which permits absolute measurements of both the forward and reverse
microwave power levels on the microwave line.
c. Vacuum System
The vacuum system was constructed of customary components. The resonant box
was coupled through a 4-inch liquid N2 baffle to a 4-inch diffusion pump and then to a
15. 2-cfm forepump. Pressures within the resonant box were measured with a Veeco
ionization gauge that was calibrated against a McLeod gauge. The two gauges agreed
within 5% for air and differed by a factor of 2. 4 when measuring hydrogen. The McLeod
gauge gave the higher reading which was assumed to be correct.
Vacuum seals were made of Viton "O" rings when there were no microwave currents
across the seal. A conducting sealing agent was necessary when microwave currents
were flowing across the seal and, for these joints, indium was used as the sealing agent.
The ultimate vacuum of the system 1 hour after liquid N2 is admitted to the baffle
is 5 X 10 torr. Lower pressures could undoubtedly be obtained by keeping liquid N 2
in the baffle for longer periods but, for reasons of economy, liquid N2 was only admitted
to the baffle shortly before an experiment was about to commence.
During experimentation, hydrogen is admitted continuously to the resonant box
through an Edwards needle valve and continuously pumped away by the pumping system.
This procedure minimizes the impurity level within the discharge.
To purify the system further, the following procedure was followed. Just before
experimentation, the resonant box was excited at peak incident microwave power levels
in the presence of a magnetic field at the base pressure of the system. A discharge
forms as the gas adsorbed on the walls of the metal box is driven off, because of
bombardment of the walls by hot particles. The pressure normally rises to approxi-
mately 5 X 10 5 torr for a few minutes until the adsorbed gas is driven off, at which point
the pressure drops back to the base pressure of the system. No experiments were per-
formed to determine the composition of this gas.
d. Static Magnetic Field
The magnetic field is generated by currents flowing through two coils of 430 turns
each, which are connected in the mirror configuration. The two coils are placed on a
soft iron yoke having a mean cross section of approximately 4 square inches. The yoke
increases the ratio of the mirror field and allows a greater field to be generated at a
given magnet current. The two coils are connected in series, water cooled, and excited
with up to 100 amps.
The magnetic field was mapped extensively to determine, as well as possible, the
constant magnetic field contours and the flux lines within the resonant box. Figure 6
is a map of the flux lines of the field showing the position of the cavity side walls in
relation to the magnetic field lines. Figure 7 is a plot of the magnitude of the magnetic
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Fig. 8. B-H curve at center of magnetic field.
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field along the axis of the mirror at a current of 50 amps in the two coils. A reasonable
empirical equation for this field is indicated in this figure. Figure 8 is the relation
between the flux at the mirror center and the current in the magnets.
e. Cable Matching
Because of the X-ray hazard and for purposes of convenience, most of the diagnostic
devices were attached to an oscilloscope through BNC cables that were 20-30 ft long. To
avoid excessive capacitive loading of the signals, owing to the cables, it was necessary
to drive the cables from a low impedance source. In many cases this required the use
of an impedance transforming amplifier.
-6v
INPUT
OUTPUT
Fig. 9. Cable-matching amplifier.
Figure 9 shows the circuit diagram of a double emitter follower amplifier with a volt-
age gain of just slightly less than one. The output impedance is very close to 50 ohms,
and the input impedance can be varied by factors of 10 from 100 to 100, 000 ohms. This
circuit was used for many applications in the course of these experiments.
3.2 GENERAL CHARACTERISTICS OF THE DISCHARGE
The discharge displays two types of behavior or modes, the type depending upon the
neutral background pressure. At pressures below approximately 1 X 10-4 torr, the dis-
charge is very unstable and is characterized by low density and intense X-ray production.
At pressures above this value, the discharge is much more stable, the density is a factor
of 10 higher, and the X-ray production is considerably less. In the sequel the low-
pressure regime is referred to as "mode 1," and the higher, more stable regime is
designated "mode 2."
3.3 POWER ADSORBED BY THE SYSTEM
When the system was operated in mode 1, the microwave power incident on the
resonant box was, for the most part, reflected. Approximately 20% of the incident
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Fig. 10. Reflected microwave power as a function of magnetic field for various
pressures at 100-kw peak incident power.
power could be coupled into the box by tuning the magnetron so that it was oscillating at
one of the resonant frequencies of the box in the absence of a discharge. Under this
condition, causing a discharge to form by applying the magnetic field reduced the frac-
tion of the incident microwave power absorbed by the box.
When the system was operated in mode 2, the coupling to the box was much more
efficient. Figure 10 shows a plot of the reflected power as a function of magnetic field
at an incident power of 100 kw peak and a pressure of 2.4X 10 - 4 torr. This plot shows that
by carefully adjusting resonators it is possible to couple 95% of the incident power into
the discharge. In Fig. 11 the behavior of the reflected power with the magnetic field is
compared for two values of incident power. These curves show that the different param-
eters of the system are all interconnected in a complicated fashion. In essence, the
100
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Fig. 11. Reflected microwave power versus magnet current.
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plasma controls the amount of microwave power that it absorbs by changing its density.
Further evidence of these effects is presented in sections 3. 4b and 3. 9. The effect is
discussed in detail in section 4. 5.
3.4 MEASUREMENTS OF PLASMA DIAMAGNETISM
Two loops were used to measure plasma diamagnetism. One loop has 10 turns of
wire encircling the resonant box at its midplane. The second loop has 100 turns and is
wrapped on a form of 5/8 inch diameter. The loop is shielded from the microwave fields
and placed just inside the resonant box through one of its ports. Appendix B relates the
signal coupled out of these loops to the energy stored within the plasma and gives the
method by which the loops were calibrated. The small loop could be used for measuring
signals at times not exceeding 50 Fpsec. The large loop could be used for measuring sig-
nals at times greater than approximately 20 pLsec. The reasons for this behavior are
explained in Appendix B.
a. Energy Stored in the Plasma
The time behavior of the stored energy in the plasma for system operation in mode 1
is typified by that shown in Fig. 12. The top trace shows the signal obtained from the
large coil, and the bottom trace the signal obtained from the small coil. The waveforms
of all of these signals are decaying exponentials with time constants of 80 }~sec. A close
inspection shows that the initial fall is faster than a simple exponential.
These waveforms were obtained while the system was operated in mode 2 at a pres-
sure of 3. 6 X 10- 4 torr. The peak power absorbed by the system was 35 kw (35 watts
average), and the magnet current was 90 amps. The energy calibration of both small
and large coils 0. 01 Joule/cm. The decay rate varies inversely with pressure.
Using Eq. B. 7 (Appendix B), one finds a change in the stored energy in the plasma
of 0. 033 Joule each pulse. Measurements of the incident forward and reflected micro-
wave powers indicate that energy of 0. 035 Joule per pulse was absorbed by the cavity.
For other experimental conditions the agreement between the stored microwave energy
as measured with the diamagnetic signal and as measured from the absorbed power
agreed within 20%.
The oscillogram of the signal obtained from the small coil displayed at 2 ~isec/cm
shows that, during the microwave pulse, energy is stored in the plasma at a constant
rate under these conditions. This agrees with time resolved measurements of the
absorbed microwave power. The conclusion is that during the microwave pulse, the
microwave properties of the system are constant.
When the system is operated in mode 1, the diamagnetic signal is very small and
very unstable and, consequently, it is difficult to form any definite conclusion. There
is evidence that the decay is not at all smooth, and "kinks" are seen to occur at random
times in the signal. For some pulses the diamagnetic signal is even seen to be negative.
The kinks are evidence of a strong instability(see sec. 3.8) which occurs at low pressures.
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Fig. 12. Diamagnetic signal waveforms.
b. System Stability
The system showed two types of unstable operation. At low pressures when operated
in mode 1 the system is extremely unstable. System operation at one particular pulse
can in no way be predicted from what happened at previous pulses. At higher pressures
when operated in mode 2 the system usually operated in what is termed the "alternate
pulsing" regime. Here, experimental parameters would repeat every other pulse.
Measurements of the diamagnetic signal were used to locate regimes in which the
system was repeating on a pulse-to-pulse basis. The peaks of the diamagnetic pulse
and of the reflected microwave energy were plotted at constant incident power and pres-
sure as functions of the magnet current. This was done by using an oscilloscope and
the intensity modulation technique of Hirshberg. 50 The oscilloscope was gated on for
1 ,sec during the times when the diamagnetic signal and the reflected power were at
maximum.
Figure 13 is a graph of the peaks of these signals as a function of magnet current
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Fig. 13. Oscillograms showing location of stable operating regions at p= 1. 3 X104 torr.
for the indicated peak incident powers. In each oscillogram the top trace is approxi-
mately proportional to the reflected power, and the bottom trace is proportional to the
diamagnetic signal. If the system is repeating on a pulse-to-pulse basis, the lines
appearing in Fig. 13 are well defined. These areas indicate the regions of stable oper-
ation. Notice that slight discontinuities in the diamagnetic signal appear also in the
reflected power. This is further evidence that the peak diamagnetic signal is a good
measure of the microwave energy absorbed by the system.
c. Diameter of the Discharge
The diameter of the plasma was found by inserting a Vycor glass rod into the dis-
charge and observing its effect on the diamagnetic signal. The rod was inserted into the
resonant box, along a diameter, through one of the ports of the box.
Figure 14 shows the results of these experiments for several experimental conditions.
In this figure the relative magnitudes of the diamagnetic signals are plotted as a function
of the (distance) = r from the axis of the mirror to the rod tip. If one assumes that the
rod sweeps out all of the plasma at a distance from the axis greater than r, then the
radius of the plasma can be found by observing at what value of r the Vycor rod begins
to affect the diamagnetic signal.
The points of Fig. 14 tend to fall along a straight line for r 2 less than 36 inches 2
This seems to indicate that the plasma is uniform inside r = 6 inches. When the rod is
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Fig. 14. Variation of relative diamagnetic signal with the square of the distance
from the tip of the Vycor rod to the axis of symmetry.
within the plasma, however, it greatly perturbs the experimental conditions, and no con-
clusions should be drawn about the radial density variation other than that the plasma
extends out to a radius of approximately 6 inches at the mid-plane of the mirror mag-
netic field.
Assuming that the plasma follows the magnetic field lines (Fig. 9), we find an average
plasma radius of approximately 5 inches along its length. On the basis of these data the
plasma will be assumed to have the form of a cylinder of radius 5 inches and length
7 inches in the calculations to follow.
3.5 PLASMA ELECTRON DENSITY MEASUREMENTS
The plasma electron density was measured by two microwave techniques. The first
technique is well known 5 1 and involves measuring the frequency shift caused by the
plasma of a fundamental cavity mode. The second uses a variation of this technique
which was developed during the course of this research.
a. UHF Probing Mode Measurement
The TM010 resonant mode of the resonant box falls at a frequency of 545 Mc. The
electric field of this mode is purely longitudinal and is given by
E = EJo( 2 . 40 5 r) iz, (48)
where ( 2 . 40 5 r) is the Bessel function of the first kind, order zero, R is the radius
of the resonant box, and E is the magnitude of the probing electric field. The theory
of Rose and Brown 5 1 predicts that the plasma will perturb the frequency of the
TM0 1 0 mode by a value
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where p is the electron plasma frequency given by
2 2Wp = ne /mE. (50)
Assuming a uniform plasma of 5-in. radius along the axis of the resonant box, one
finds for the electron density
n =f 8.87 X 10 9 /cm 3 (51)
The experimental procedure for measuring the plasma density with the TM010 cavity
mode is the following: A tunable 1-milliwatt UHF generator is loop-coupled to the
resonant box through a 1000-Mc lowpass
coaxial filter. A second loop is connected1.0
0 1.2X103 TORR from the resonant box to a second 1000-Mc
o 1.2X 10
0+ 4.8X 10-5 lowpass coaxial filter and then to a tunable
+4A1. X I-5
8 a 1.2X 105 UHF receiver. The system is operated
O
0O in the burst mode wherein the train of
a 0.1 
o o microwave power pulses is gated on for
0 500 pulses and then off for 500 pulses. The
+ 0 0 UHF generator is adjusted to some fre-
o o
P+= 83 KW quency greater than 545 Mc, and the
0.01 m+ I 50 AMP
(0 A + receiver is carefully tuned to the same
z A + 0 o
+ o 0 frequency. As the plasma decays in den-
o a + 0 o sity, the resonant frequency of the cavity
> 001 will at some instant coincide with the fre-
<0. o a + o quency of the UHF generator and a pulse
of energy will be transmitted through the
FIG. 15. PLASMA DENSITY DECAYS FROMby the .
UHF PROBING MODE TECHNIQUE. cavity and detected by the UHF receiver.
Consequently, with the aid of Eq. 41 and
2.4 4.8 7.2 9.6 knowing the frequency of the UHF generator,
106 TIME PRESSURE (TORR SEC) one can calculate the plasma density at that
particular instant.Fig. 15. Plasma density decays from
UHF probing mode technique. Figure 15 shows measurements of the
plasma density as a function of time and
pressure in the afterglow of plasmas at the operating conditions given. The density of the
plasma is plotted against the product of the time-after-turnoff and the pressure in torr
to enable data to be presented over a large range in pressure. A second decay is shown
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Fig. 16. Plasma density versus time from the UHF probing mode technique.
in Fig. 16; in this case, plasma density is plotted against time. These data show two
important results: at long times the plasma decays exponentially with time; and the
decay time constant varies inversely with pressure. This suggests very strongly that a
process having to do with the neutral background gas accounts for the plasma loss proc-
ess. We shall show that this is indeed the case.
b. X-band Probing Technique
The X-band probing mode technique (described in Appendix C) was found to be very
useful and gave a valuable clue as to the processes occurring in the discharge. As in
the previous (UHF) case, the system is operated in the burst mode when employing
this technique.
The equipment used in this experiment was arranged as follows: An X13B tunable
klystron was coupled through an X-band waveguide and an X-band ferrite isolator to the
resonant box. A second X-band waveguide was coupled from a port on the resonant box
90 ° from the first (see Fig. 4) to a second ferrite isolator. The isolator was followed
by a cavity wavemeter and a crystal detector which was coupled to an oscilloscope.
The empty resonant box was excited with frequencies near 9. 5 Gc. By tuning the
klystron, it was determined that over 100 modes of the resonant box, the average mode
separation was 1. 69 Mc. In this range the 10-mode average varied between 2. 2 Mc and
1. 27 Mc.
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In employing this technique, the system was operated in the high-pressure regime
in the burst mode. Three oscilloscope traces were synchronized to view the decay of
transmitted X-band energy at different
sweep speeds. Figure 17 shows typi-
cal oscillograms of the transmitted
X-band energy. When counting the
modes of the cavity which swept by,
5- 00 Psec/div each positive maximum, no matter
how small, was counted as one mode.
The mode counting began with the last
positive maximum and proceeded back-
ward in time to the microwave pulse.
It is necessary to recognize the point
of maximum density (see Fig. 18) occur-
ring at approximately 100 Lsec and, at
this point, to begin subtracting instead
of adding as the counting proceeds.
This point is difficult to recognize from
the display presented in Fig. 18, but if
this signal is differentiated with an
operational amplifier, the turnover
point is immediately recognizable.
Figure 18 shows a plasma electron
density profile that was obtained by
this technique. The plasma was oper-
- 5 ,sec/div ated in mode 2 at the experimental con-
ditions listed. In obtaining these data
I = 62 amps
m the system was carefully adjusted to
P+ = 60 Kw operate in a regime which repeated on
P = 35 Kw a pulse-to-pulse basis by the tech-
niques outlined in section 3. 4b.
Fig. 17. Oscillograms showing transmission Figure 18 shows that, after the
peaks in the X-band probing signal
when coupled through the resonant
box at 1. 2 X 10-4torr pressure. sity increases to a peak occurring
near 75 pLsec. The plasma density
then decays to its original density by the time of the next microwave pulse. This curve
is analyzed in considerable detail in section 4. 2, wherein it is shown that many of the
interesting parameters of the discharge can be calculated from the data presented in
Fig. 18.
Figure 19 shows a comparison of the two methods of measuring plasma density
with microwaves used. Here, the density decay of the plasma is observed after
35
_·I II__ _ I __I~~~~~~~~~~~~~~~~~~~~~~~~~~~~~1 - __IYIIII^__C____Il_-X--------- I_ __ _ --
oo
0
0
o
p = 2.2 x 10 torr
P+ = 60 kw
P = 25 kw
0
o
0
I I I I I I I I I I
0 100 200 300 400 500 600 700 800 900 1000 Jsec
Fig. 18. Measurement
technique.
1010
uJ
10
z
z
0
u5
IL
of plasma electron density with the X-band probing mode
K
K
-xK
x X - BAND POINTS
0 UHF POINTS
x
x
00
o
o
o
0
o
0
o
o
o
o
o
o
o
l l l l l~~~~~
0 1 2 3
TIME AFTER TURNOFF ( msec )
4 5
Fig. 19. Comparison of densities measured with UHF and X-band probing
mode techniques.
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a burst of microwave pulses. This figure shows the excellent agreement between the two
techniques. Notice that the slope of the density decay appears to be decreasing with time.
The significance of this observation will be pointed out in Section IV.
3. 6 LIGHT MEASUREMENT
The light generated by the discharge was observed with a 931A photomultiplier tube.
The phototube circuit was designed by the author and can be found in a report by W. D.
Getty.5Z The phototube circuit was followed by the impedance transforming amplifier
described in section 3. le.
a. General Characteristics of the Light
Because of the low electron density, the discharge does not generate much light. This
is especially true when the discharge is operated in mode 1.
When viewed by eye the discharge appears as a diffuse glow that appears to fill the
cavity. The discharge has no visible structure.
At low pressures the light, like the other parameters, varies greatly from pulse to
pulse. As the pressure is increased, the transition from operation in mode 1 to oper-
ation in mode 2 is announced by an increase in light intensity by a factor of approxi-
mately 20.
b. Time Dependence of the Light
Figure 20 shows typical variations of the light with time for the system operating in
both modes 1 and 2. As indicated, the system was operated in the burst mode so that
long-time as well as short-time decays could be seen. Notice that when the system is
operated in mode 1, the light has a large DC component which decays very slowly with
time.
Figure 21 shows logarithmic as well as linear displays of the light as functions of
time, when the system was operated in mode 2. The logarithmic displays were
obtained with the aid of a Tektronix Type "O" operational preamplifier and a loga-
rithmic converter for the preamplifier. Because of limitations of the logarithmic
converter, the behavior of the oscillograms at voltages less than 0. 1 volt has no
physical significance. These data show that the decay is composed of several expo-
nentials instead of one, as might be inferred from the linear display.
From the curve taken at 1. 2 X 10 torr pressure, the exponential decays show
a time constant of 175 sec for the slow decay, and 20 lisec for the fast decay.
The linear display indicates a decay time of 20 [isec. From the curve taken at
-42. 4 X 10 torr, the exponential display yields decay times of 470 lisec and 44 sec,
respectively, while the linear display yields a time constant of approximately 100 jisec.
The conclusion is that the decay is not a simple exponential and that measurements
of decay time constants taken from linear displays are quite likely to be in error.
Figure 22 is a plot of the decay time of the light multiplied by pressure plotted
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Fig. 20. Time decays of light for operation in modes 1 and 2.
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Fig. 21. Logarithmic and linear displays of light as a function of time.
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as a function of pressure. These decay times were taken from linear oscillogram dis-
plays and, because of reasons mentioned above, are probably not correct. This graph
does show that the decay time of the light varies inversely with pressure, which, again,
suggests that the neutral background gas is the cause of the light decay.
c. Variation of Light along the Axis of the System
A very crude experiment was performed which attempted to measure the variation
of the light intensity along the axis of the system. A 931A photomultiplier was collimated
so that it looked at an angle of 7. 4 X 10-4 steradian. The collimated phototube was
placed at the mid-plane of the system in front of the viewing port of the resonant box
(see Fig. 4). The tube was then rotated so that it examined points along the axis of the
system. It required an angular deflection of 23 ° to sweep the axis of the system from
3 2 1 0 2 3 ( inches )
Fig. 23. Variation of light intensity along the cavity axis at various times
after the pulse.
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one cavity end wall to the other. The output of the photomultiplier was sampled at a var-
iable time by a 5-usec pulse by using a circuit designed by R. R. Parker. The output
of the sampling circuit was then displayed on an x-y recorder and plotted against the
angular deflection of the phototube. This circuit enabled light intensity along the axis
of the system to be plotted as a function of position at a variable time after the pulse.
Figure 23 shows the light intensity along the axis of the system at various times after
the pulse. This graph shows that the light intensity is decaying approximately exponen-
tially with time, but retaining the same dependence as a function of position along the
axis of the system. Figure 24 shows the light intensity along the axis at the time of the
microwave power pulse at several magnetic fields. This figure also shows the regions
at which resonance is taking place as evidenced by changes in the curve shapes in these
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Fig. 24. Variation of light intensity along the axis of the cavity at the
time of the microwave pulse.
regions. These measurements agree well with the calculated position along the axis at
which resonance should occur. The calculations are performed from data presented in
Fig. 6. The irregularities in the variation of the light intensity completely disappear
in times of 50 kusec after the microwave power pulse. This, then, explains why no struc-
ture to the discharge can be seen by eye.
3.7 X-RAY EXPERIMENTS
The discharge was found to generate a large flux of X rays which became the subject
of several experiments.
a. General Characteristics of the X Rays
At low pressures the system produces a flux of X rays that can exceed 5 roentgens/hr
at the surface of the resonant box. The peak X-ray intensity is obtained at a pressure
of approximately 10 - 5 torr (mode 1) by carefully adjusting both the frequency of the
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magnetron and the intensity of the mirror magnetic field. A sharp resonance in the
X-ray intensity is found to exist at a magnet current of 40 amps. With respect to the
magnetron frequency, the X-ray intensity is maximum when the magnetron is tuned to
the frequency of one of the modes of the resonant box.
Observations of the time dependence of the X-rays were made by using as a scintil-
lating source a cylindrical crystal of sodium iodide that was 1 inch in diameter and
1 inch thick. Scintillations induced in the crystal by X rays are detected by a 6199
photomultiplier tube, which employed a circuit identical to that used for observations
of the light. This instrument shows that a large burst of X rays is generated during
the microwave pulse. At the cessation of the pulse, the X-ray intensity decays very
rapidly to a lower level with a time constant of approximately 1 isec. At low pres-
sures, when the system is operating in mode 1, the lower level is more than 3 orders
of magnitude less than the peak level. This means that the average X-ray intensity is
determined by the peak intensity during the pulse. Consequently, the peak X-ray inten-
sity obtained by dividing the average intensity by the duty factor approaches
5000 roentgens/hr! When the system is operated in mode 2, the peak intensity again
occurs during the microwave pulse and decays to a lower level very rapidly after the
pulse, but the difference between the two levels is not nearly so great.
The transition region between modes 1 and 2 is easily found by observing the X rays.
As with the other observed parameters, the X-ray waveform does not repeat from pulse
to pulse when the system is operated in mode 1. As the pressure is increased so that
the system switches from operation in mode 1 to mode 2, the average X-ray intensity
drops approximately 2 orders of magnitude. This is in contrast with the light and den-
sity, both of which increase at the transition point.
b. X-ray Pinhole Photographs
A pinhole camera technique was used to photograph the regions inside the resonant
box that were emitting X rays. A pinhole was cut in a 3/8 inch sheet of lead and placed
in front of the large side port of the resonant box. A fluorescent screen (DuPont CB-2)
in front of a sheet of Polaroid Type 57 film was placed in back of the pinhole. The
experimental arrangement is shown in Fig. 25. Photographs of the X-rays emitted
by the discharge were obtained when the system was operated in mode 1. It was impos-
sible to obtain X-ray photographs when the system was operating in mode 2 because the
X-ray intensity was too low.
Figure 26 shows a photograph taken at the mid-plane of the system when the position
of the camera and pinhole in relation to the box was that shown in Fig. 25. This picture
shows that most of the X-rays are being generated at the side walls of the resonant box
in ring-shaped areas. In obtaining this picture the bright side of the film was exposed
to the X-rays from the right side wall for 10 seconds and the other side was exposed
for 2 minutes. Thus the relative intensities at the two side walls are some 12 times
greater than indicated in this picture. An examination of Fig. 6 will show that the
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magnetic field at the right side wall is slightly less than the field at the left wall, which
thus accounts for the above observation.
Figure 27 shows an expanded view of the X-ray pattern at the right side wall. This
picture was obtained by placing the scintil-
MICROWAVE lating screen and film arrangement in lineM IC ROWAV E
with the lead pinhole and the right side wall
but farther from the pinhole. This picture
shows several interesting effects: (i) the ring
is extremely well defined and corresponds
LiNES OF
LINETIC FLUX approximately to the Larmor diameter of an
electron whose energy is 40 keV; (ii) the ring
is most intense on its top and bottom and rel-
atively dim at its front and back; (iii) as the
kVITY magnet current is increased from zero, the
X rays strike the right side wall in a disk-
shaped region until approximately 30 amps is
HELD flowing in the magnets. At larger magnet
nrll~~r\+nc. +~7L hy Al hormo a1 ie rhi,
X-RAY FILM. 1 I t, LLC LOD 1 1111. WLIL
increases in diameter with magnet current.
Fig. 25. X-ray pinhole photographic Figure 28 shows the radius of the disk at the
arrangement.
side walls projected back along the field lines
to the mid-plane of the magnetic mirror plot-
ted against the magnet current. The solid line is a plot of the point at the mid-plane at
which the electron-cyclotron frequency is exactly equal to the applied frequency. The
Left
Side
Wall
Right
Side
Wall
Fig. 26. X-ray photograph of the rings of intense X-ray production on the cavity side
walls when system is operated in mode 1.
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Fig. 27. Expanded X-ray pinhole photograph of the ring of intense X rays on the
right side of the resonant box.
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Fig. 28. Variation of the point in the mid-plane where wb = X with magnet current.
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dotted line drawn through the points corresponds to a cyclotron resonant frequency of
1. 9 Gc. If we assume that the discrepancy is due to the fact that the frequency seen by
the hot electron is Doppler-shifted because of its motion (as discussed in section 2. 3c),
the directed energy along the field lines must be approximately 25 keV. If the electron
is just at the point of being lost, its total energy is approximately 50 keV. These num-
bers are not inconsistent with later measurements.
c. X-ray Bremsstrahlung Spectra
The Bremsstrahlung spectra of the X rays were measured with a 400-channel pulse
height analyzer that was used to measure the heights of pulses generated by X-ray pho-
tons. A crystal of sodium iodide was used as the source of light scintillations, which
were detected with a phototube. The amplitude of the output pulse is proportional to pho-
ton energy for pulses greater than 25 keV. 5 3 Consequently, information about the high
energy portion of the electron distribution function can be obtained from measurements
of the Bremsstrahlung spectrum of the plasma. Appendix D shows the relationship
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Fig. 29. X-ray Bremsstrahlung spectra.
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between the Bremsstrahlung spectra and the electron distribution function.
To avoid attenuating the low-energy spectrum, the X rays were brought out of the
resonant box through a 0. 005-inch Mylar window. The window was placed in the position
of the port of Fig. 4.
The X-ray detector was collimated so that it looked at approximately 1 square inch
at the center of the magnetic mirror and then down into the S-band waveguide. Conse-
quently, X rays generated at the walls of the resonant box could not enter directly into
the collimator. The collimator can be seen in Fig. 3. The calculations concerning the
collimator are presented in Appendix D.
Figure 29 shows typical X-ray Bremsstrahlung spectra obtained with the aid of this
equipment. Aside from slight changes in the slope of the energy at long times, all of
the spectra had the same general features. An exception was observed when the system
was operating in mode 2 in the alternate pulsing regime. In this case the spectrum
appeared to be composed of two exponentials.
The "temperature" of the hot electrons was determined from exponential falls of the
Bremsstrahlung spectra. In Appendix D it is shown that, if the electron distribution is
Maxwellian, the Bremsstrahlung spectrum should fall as eE/T, where T is the tem-
perature of the electrons, and E is the photon energy.
Figure 30 shows hot electron temperatures calculated by the above-mentioned pro-
cedure from several Bremsstrahlung spectra. These graphs show that when the
system is operated in mode 2 the temperature of the hot electrons is between 15 keV
and 20 keV, and is nearly independent of both magnetic field and incident microwave
power level. At the lower pressures, when the system is operated in mode 1, the
hot-electron temperatures vary more widely but fall between 25 keV and 35 keV, except
at a current of 40 amps. For this current the electron temperatures are noticeably
greater and, at large microwave power levels, exceed 50 keV.
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Fig. 30. Electron "temperatures" obtained from Bremsstrahlung spectra.
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In obtaining these data the analyzer counted X-ray photons over a 2-minute period.
Because of large ground-loop transients that occurred with each microwave pulse, it
was necessary to gate off the analyzer for 10 sec at a time that coincided with each
microwave pulse. Consequently, with the exception of these 10-psec periods, the
Bremsstrahlung spectra were averaged over time.
The time dependence of the spectra were investigated by gating the analyzer on for
synchronized periods after each microwave power pulse. No change in electron tem-
perature was observed by this experiment. The only effect of looking at longer times
after each power pulse was a decrease in the photon intensity, which indicated a decay
in the plasma density.
d. Decay of X Rays with Time
The decay of the X rays for long times was measured by using the pulse height ana-
lyzer in the scaling mode. The system was operated in the burst mode and the 400-
channel analyzer was swept at a constant rate. Each sweep was initiated by the last
pulse of a burst of microwave power pulses. Successive channels were then activated
for equal time increments until the last channel had been activated, at which time the
analyzer would reset itself to await the next burst of microwave pulses. After each
burst, the incoming photons would register in the channel that was activated at that par-
ticular moment. In this way data were gathered following many bursts of microwave
power pulses.
The results of these experiments showed that the plasma density decays as a single
exponential with a time constant that varies inversely with pressure. The time constants
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Fig. 31. Comparison of time constants measured with UHF probing mode technique
(C) with those measured from decays of X-ray intensity (X).
46
- --I ---_ ------- .. U
measured in this way were the same as those measured by the UHF probing mode tech-
nique described in section 3. 5a. Figure 31 is a graph showing (decay time constants) X
(pressure), plotted against pressures measured by this technique and the UHF probing
mode technique.
An attempt was made to measure the density of the hot electrons for short times
after the pulse by using the method outlined in Appendix D. The analyzer was operated
in the scaling mode and adjusted to only accept pulses corresponding to photon energies
greater than 25 keV.
Figure 32 shows the results of one of these experiments. The system was operated
in mode 2. The electron density was calculated from Eq. D. 22. This plot shows that
the hot-electron density is maximum just after the microwave pulse and decays faster
than a simple exponential. The densities measured with this technique are not believed
to be accurate because this measurement is extremely susceptible to high Z impurities,
because of the Z2 dependence in Eq. D. 9.
Measurements of hot-electron densities when the system was operated in mode 1
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Fig. 32. Measurement of plasma density from X-ray Bremsstrahlung spectrum
above 25 keV.
gave electron densities that were too high by approximately two orders of magnitude.
This behavior is believed to be due to high Z impurities which greatly increase the
X-ray output.
3.8 NOISE RADIATED BY THE DISCHARGE
The microwave noise radiated by the discharge was given hardly more than a per-
functory investigation. The investigation is not complete and several aditional
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experiments should be performed.
The noise characteristics of the two modes of operation are entirely different. The
low-pressure mode is extremely noisy. Microwave radiation could be detected at every
frequency band investigated. Conversely, the higher pressure regime is extremely quiet.
No coherent oscillations at frequencies characteristic of the electrons could be found.
The microwave frequency spectrum was investigated in the frequency range 300-
10,000 Mc. The investigation was made with a Panoramic Spectrum Analyzer Model SP4a.
The spectrum analyzer was coupled to the resonant box with a coaxial cable when
frequencies between 300 Mc and 6500 Mc were investigated, and with X-band waveguides
when frequencies between 6500 Mc and 10,000 Mc were investigated. The maximum
-13
sensitivity of this analyzer is approximately 10 watt.
The only noise radiated by the discharge in this frequency range when operated in
mode 2 was found at X-band. In this range the noise was found to have no frequency
structure and could be detected throughout the X-band. The radiation was detected at
the maximum sensitivity of the analyzer, which indicates a total radiated power of the
order of 1012 watt. When the train of microwave power pulses was turned off, this
radiation decayed with a time constant that is characteristic of the hot electrons. Cal-
culations of the cyclotron radiation 5 4 and of the Bremsstrahlung 5 5 in this frequency
range indicate that this observed radiation is cyclotron radiation. The Bremsstrahlung
-17
radiation intensity should be in the neighborhood of 10 watt. This cyclotron radiation
was also detected in the Oak Ridge experiments.2 6
The cyclotron radiation was also observable when the system was operated in mode 1.
The intensity of the radiation in this mode was a few times larger, which indicates a
higher electron temperature.
A very intense instability was detected when the system was operated in mode 1.
Radiation was detected at, or near, the applied microwave frequency, coming back into
the S-band waveguide system from the resonant cavity. The radiation was in the form
of a pulse approximately 1 sec long which appeared 1-10 times between the microwave
power pulses. The peak intensities of the bursts of radiation were estimated to be
between 100 and 1000 watts! Figure 33 shows oscillograms of the bursts; the time loca-
tion and the time structure of the radiation are shown.
The following experimental observations on the characteristics of this radiation were
made:
1. The radiation intensity increases with magnetic field.
2. At low pressures the most likely time for a burst of radiation to occur is
700-800 sec after a microwave power pulse. As the pressure is increased, the most
likely time of radiation occurs at shorter times after the microwave power pulse, until
at the point where the system shifts modes of operation, no radiation is detected 100 sec
after the microwave power pulse.
3. The number of bursts in an interpulse period is 6-10 at low pressures, and
decreases to one as the pressure is increased.
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Fig. 33. Oscillograms of intense bursts of radiation observed at p = 5 X 10 6 torr.
4. No burst of X rays could be found coinciding with a burst of radiation.
5. A kink in the diamagnetic signal and a small burst of electrons along the axis
(see sec. 3. 9) accompany the bursts of radiation.
6. The bursts of radiation could be detected with a spectrum analyzer at frequencies
as high as 10 Gc. The principal radiation occurred at the applied microwave frequency,
with slight (10 db) peaks in the frequency spectrum at harmonics of the applied
frequency.
7. At the time when the radiation occurs, the plasma frequency is at least a factor
of 10 less than the frequency of the radiation.
The mechanism driving this instability is not known. It has been observed by
others, 5657 and may perhaps be the same as that discussed by Seidl.5 8 Seidl finds
an instability which he states sets in at p = 0. 03 ec at the cyclotron frequency at the
midpoint of the microwave mirror field. He states that the instability is caused by the
hot electrons moving back and forth along the field lines as described in section 2. lb.
3.9 AXIAL PROBE MEASUREMENTS
A current probe was placed in one side wall of the resonant box at its axis. A grid
was placed in front of the probe and both the current collector and the grid could be
biased. The initial object of this experiment was to measure the energy of the electrons
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Fig. 34. Oscillograms of the axial probe signal.
by the retarding field technique. 5 9 Unfortunately, the probe is located in a region of
large magnetic field gradient. The magnetic field changes by 25% between the collector
and grid of the probe. Consequently, the energy measurements could not be made. The
probe was found useful, however, for reasons to be described.
The probe was operated with the collector biased 90 volts above ground, to over-
come the magnetic field gradient and collect most of the electrons entering the probe.
Figure 34 shows oscillograms of the current entering the probe when the system was
operated in mode 2. Figure 34a shows the electron current to the wall in one interpulse
period. Notice the great similarity between this oscillogram and the results of the
X-band probing mode experiment given in Fig. 18. These two experiments suggest that
the electron current collected by the probe is proportional to the density of the plasma.
Figure 34a also indicates the presence of low-frequency oscillations in the plasma.
The large oscillations occurring after 500 Csec have a frequency 250 kc. A close
inspection of the waveform shows fluctuations that have frequency components up to
10 Mc. An amplifier of the type described in section 3. le, having a 3-db cutoff fre-
quency of approximately 5 Mc, was used in obtaining these oscillograms. Consequently,
oscillations at higher frequencies may have been missed.
Figure 34b shows the current collected by the axial probe when the system is oper-
ating in the alternate pulsing regime. Notice that the plasma decays with a short time
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constant after one pulse, and a long time constant after the next, and the long decay con-
tinues through the short decay. The explanation for these phenomena will be presented
in Section IV.
3. 10 MoO2 PHOTOGRAPHS
An attempt was made to obtain a photograph of the discharge with molybdenum
dioxide used as a detector of atomic hydrogen. Molybdenum dioxide is white and can
be deposited on a glass surface by heating molybdenum in air and allowing the resulting
white vapor to deposit on the glass surface. If the MoO 2 is placed in the presence of
atomic hydrogen, it will be reduced to Mo 2 03 (60) which is blue. Thus, one can make
a detector for atomic hydrogen by placing a sheet of glass, on which is deposited a film
of MoO 2 , behind a pinhole opening into the discharge. Atomic hydrogen produced in the
regions of most internal activity in the discharge would presumably radiate in all direc-
tions from this region and, consequently could be made to produce an image of the dis-
charge on the sheet of glass. This technique was used in the Oak Ridge experiments. 3 1
The experiment was performed in these studies and after 6-8 hours of constant oper-
ation a faint line on the glass sheet could be detected. It indicated an interaction region
at the exact center of the mirror and perpendicular to the axis of the system. The region
appeared to have a diameter of approximately 5 inches and a width of approximately
0. 5 inch. Because of the long exposure times required, the operating conditions of the
system were changed many times during the exposure period, as other experiments
were performed. Consequently, the exposures obtained were some kind of average over
all possible operating conditions of the system, and it is impossible to determine the
experimental conditions at which the center interaction region was most intense. Perhaps
8-10 experiments of this kind were performed, and the only change noted in the results
was the intensity of the faint line observed on the glass sheet. Unfortunately, in all
cases the line was too faint for a reproduction of the sort that could be included in this
report.
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IV. INTERPRETATION OF EXPERIMENTS
An attempt will now be made to explain the data that have been collected and to tie the
various experiments together. Of particular interest will be the decay times of the vari-
ous parameters, and calculations of constants of the discharge, such as ionization fre-
quencies and the ratio of the plasma pressure to the magnetic pressure (). Comparisons
will be made between experiments measuring the same plasma parameter. An example
of one operating condition is developed in considerable detail with the use of measured
parameters of the plasma and some approximations. Comments are offered on heating
effects observed at low pressures, and a possible explanation is given for the pulse of
X rays seen during the microwave pulse.
4.1 DECAY TIMES
In Section II it was shown that, because of small-angle scattering, a particle initially
confined in the magnetic mirror would be lost because it would eventually be scattered
into the escape cone of the mirror. A theory was developed which predicted the
ence of diffusion modes in velocity space. It was found that lower order modes decay
more slowly than higher order modes, and that at long times the electrons in the plasma
will be found to reside in the lowest mode. But it was found that the decay time constant
of a particular mode was a strong function of the energy of the electrons in the mode.
The plasma decay time given by Eq. 19 can be expected to be correct only if all electrons
in the plasma have the same energy. We shall attempt to understand what can be
expected to occur if the electrons are allowed to have a distribution in energy or speed.
Let us assume that f.(U, 0) is the distribution in energy U of electrons in the i th dif-
fusion mode as defined by Eq. 18 just at the end of the microwave pulse. This function
might be calculated by methods suggested in section 2.3. According to the theory of
section 2. 2b, the distribution function is given at later times by
-ai(U)t
fi(U, t) = fi(U, 0) e . (52)
From Eqs. 11 and 19, one finds ai(U) to be
a(7 Pi+1/2) ] 1 + .275 In (53)
ai(U) = 1.55 X 10 p i+/2) (53)
Here, as before, U is the energy in keV, 0c is the mid-plane angle defining the escape
cone of the mirror, and p is the neutral-gas pressure in torr. This equation shows that
the lower energy portion of the distribution function will be lost most rapidly. (This
theory is not expected to be very accurate when considering electron energies below
about 100 eV, because of approximations in the development presented in Appendix A.)
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The density ni(t) of the electrons in the it h mode as a function of time can be found by
integrating (52) over all energies; that is,
(a (t) 00 S-ai(U)t
ni(t) = fi(U, O0) e dU. (54)
Similarly, the average energy of these electrons is related to the distribution by
1 0° -ai(U)t
<u> = 1 Ufi(U, 0) e dU. (55)
n.(t) 01
Let us calculate a specific example to better illustrate the processes occuring here.
We shall assume that ai(U) may be adequately approximated by
a.
ai(U) = (56)
This approximation retains the most important feature of the more correct dependence
given in Eq. 53 - namely, that ai(U) approaches infinity as U approaches zero. The
initial distribution fi(U, 0) is assumed to be Maxwellian.
After substituting a Maxwellian distribution in Eq. 54 and using Eq. 56, we obtain
ni( ) = ni(0 ) 2 1 0 /2 -[(U/T)+(at/U) (57)n.(t) = n.(0)- e dU, (57)
T3/ 0
where T is the temperature of the Maxwellian distribution.
The integral presented in (57) can be evaluated (see Appendix E) with the result
-2(ai t/T) 1/2 1 at\l/2 1
n (t) = n(O) e LZ1 ) + 1 (58)
Equation 58 shows that the electrons in a diffusion mode, which are in the Maxwellian
distribution initially, will decay as e- c NJ T for long times. This is a less abrupt decay
than a pure exponential and some experimental evidence that this effect occurs in these
experiments is given in Fig. 19.
Appendix E also shows that the average energy of the electrons increases with time
in this example. Here it is shown that the average energy given by (55) for an initially
Maxwellian distribution is given by
U 3 T 4 a i /1 + ( )/2} (59)
This equation shows that initially the average energy of the electrons increases lin-
early with time. As time progresses, the increase in temperature approaches a cJ
dependence.
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The physical interpretation of this result is that because the cold electrons are lost
from the plasma more rapidly than the hot electrons the average energy increases and
the distribution becomes hotter. The fact that the electrons decay slightly more slowly
than an exponential can be interpreted physically as due to the fact that as time
increases, so does the temperature of the distribution and the electrons are lost more
slowly.
If the electron density distribution function is zero above some energy, rather than
extending to infinity as was assumed in the example, one can expect the decay of density
to approach a purely exponential fall with time, at long times after the pulse. This con-
clusion is obtained as follows: Due to the loss of low-energy electrons with time, the
distribution function tends to approach a Dirac delta function at the energy of the hottest
electrons present. In this limit, the density integral given in (54) is easily evaluated
and the decay time constant is accurately given by the reciprocal of (53). Consequently,
one would expect good agreement between measurements of decay of plasma density made
long after a pulse and measurements of the tail of the distribution function, with the
Bremsstrahlung technique used as described in Appendix D. This is the case. The decay
time constants given in Fig. 31 give an electron temperature of 14. 5 keV when inserted
in Eq. 53. This should be compared with the Bremsstrahlung measurements presented
in Fig. 30 which give a temperature between 15 keV and 20 keV.
Conclusions to be drawn are the following. The decay of the plasma density over
times of the order of 1000 usec after the microwave pulse is a result of two phenomena:
(i) the decay of the higher order diffusion modes as given by Eq. 18; and (ii) the rapid
loss of the cooler electrons that are in each diffusion mode. The two effects are of the
same order of magnitude, and it is difficult to distinguish one effect from the other in
observations of decay of plasma parameters. As a result of the loss of the cooler elec-
trons and in the absence of further ionization, the average energy of the electrons
increases with time and the plasma becomes hotter. Consequently, at long times after
the pulse, the second effect becomes less important and the long time decay is deter-
mined by the decay of the lowest order diffusion mode as given by Eq. 53.
4.2 ELECTRON PRODUCTION
We have just considered the loss of electrons from a mirror on account of the loss
of cooler electrons. In Section II, the decay of monoenergetic electrons was investigated.
Up to this point, nothing has been said about how electrons are produced in the first
place and, consequently, how the discharge is able to maintain itself.
The answer to this question was given by Smullin6 1 and it involves a consideration of
the frequency of ionization v.. In the range of electron energies between 40 volts and
40 kilovolts, v. is given6 within a factor of two by
v.= X109 p, (60)1
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where p is the neutral-gas pressure in torr. This frequency is the ionization frequency
of an electron striking a neutral hydrogen molecule. Thus, the ionization frequency is
nearly independent of energy and is proportional to neutral pressure.
Some intermediate conclusions can be drawn from the magnitude of the ionization
frequency. At a pressure of 10 - 4 torr, v 105. This means that the ionization time
z10 pLsec. Consequently, in the time of the microwave pulse (1 sec), the electron den-
sity of the plasma can increase by a factor of only 1. 09. Thus, the principal effect of
the microwave pulse must be to add energy to, or to heat, the electrons already present.
The heated electrons then replenish losses by ionization in the time between pulses. This
conclusion is reinforced by the experimental fact that at 10- 4 torr, 10-20 microwave
pulses are required to initiate a discharge. At lower pressures, even more pulse periods
are required.
The ionization between pulses produces a group of cold electrons that rapidly escape
to the walls. Therefore, the electrons that are heated by the microwave pulse are those
electrons which were created by ionization in a short period immediately preceding the
pulse plus the fast ones carried over from the previous pulse.
4.3 EXAMPLE OF OPERATING CONDITIONS
The arguments presented above can be put on a more quantitative basis by using the
ideas of Smullin6 1 to consider a particular example. This example will illustrate much
of the physics of the experiment and tie together many of the experiments reported in
Section III.
Let us assume that as a result of a microwave pulse there exists a group of hot elec-
-a ht
trons of density no . Let us also assume that the hot electrons decay as e . This is
an approximation to the complicated decay discussed in section 4. 1. The hot electrons
produce cold electrons through ionization in the period between pulses. We shall assume
that the cold electrons are lost from the plasma at a rate given by the product of their
density n and a loss frequency a c . We shall also assume that the cold electrons are too
cold to produce ionizations through collisions with the background gas. With these
approximations, the conservation equation for the cold electrons is
dn -aht
vn e h a n. (61)dt io c
The solution to this equation is
v.n f -aht -a t\
n(t) = 1 n - e c (62)
(ac-a h)
This equation gives a very good approximation to the experimentally determined elec-
tron density presented in Fig. 18. Let us concern ourselves with the experimental
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parameters
Table IV.
presented in this figure. Directly from this figure, we can prepare
Table IV. Parameters of the discharge obtained from Fig. 18.
n
o
dn
dt t=O
ah
n
max
t at n
max
p
Pabsorbed
5 X 10 9 /cm 3
1015/cm3 sec
1.72 X 103/sec
2. 2X 100/cm3
-57. 5X10 sec
2. 16 X 10 4 torr
38 Kw
The initial slope of Eq. 62 is simply
= v.n .dt t=0 1 o
Hence, reading from Table IV, we find
l dn 
V. = i a-
0 t=0
5
= 2 X 10
Dividing (64) by the pressure p gives
v. 
1 = 0.9 X 10
which agrees remarkably well with the value obtained from the Oak Ridge cross-section
tables 6 2 presented in Eq. 60.
dnLet us next calculate a by setting = 0 One finds
c d
-aht -a t
a e h= a e ,h c
This equation has two solutions. The obvious solution is a = ah and is not the one we
are interested in. The second solution is found with the aid of Table IV to be
a = 3.4 X 10 sec.
c
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(63)
(64)
(65)
(66)
This means that the average cold electron remains in the plasma for approximately
30 p.sec.
This time may represent the confinement time for the positive ions. An H ion pro-
duced at the center of the box with an energy of 1 volt requires approximately 10 ~sec to
move to the nearest wall. It is inconceivable that the diffusion of the ions will be
impeded by the mirror field or that the ion temperature is colder than 1 volt, with the
result that there is an average diffusion time of =30 pLsec. Since the plasma will main-
tain charge neutrality, the slowly moving ions will impede the flow of the cold electron
by its coulomb field, and hence, the loss time for the cold electrons will be determined
by the ions.
Next, let us examine the energy stored in the plasma. As noted in section 3.4a, the
absorbed microwave power appears as an increase of the diamagnetism of the plasma.
Consequently, we shall assume that the 0. 038 joule absorbed by the system is stored in
the plasma at the end of the microwave pulse. From the measurement detailed in sec-
tion 3.4c, the plasma volume is taken to be 9 X 103 cm 3 . Just after the pulse, the den-
sity is given by Table IV as 5 X 109 /cm 3 . With these numbers, one finds an estimate of
the average energy <U> to be
<U> = 5.3 keV. (67)
We can also calculate an average energy of the electrons from the decay time con-
stant ah of the hot electrons given in Table IV. Using Eq. 53 and assuming that the decay
results from the loss of a monoenergetic species of electrons in the lowest diffusion
mode, one finds an average energy of 4. 4 keV.
A second calculation of the energy can be made from the oscillograms of light decay
given in Fig. 21. As pointed out in section 3. 6b this light decay is composed of an initial
fast fall plus an exponential which dominates at longer times. If one assumes that the
exponential decay denotes loss of monoenergetic electrons in the lowest diffusion mode,
one finds an average energy of 5. 5 keV from Eq. 53. This energy agrees very well with
energies calculated from the diamagnetic signal and the density decay. The initial decay
that dominates a linear display of light must therefore be evidence of higher order dif-
fusion modes as described in section 2.2.
Information about the energy of the cold electrons can be inferred from the time
behavior of electron density as given in Fig. 18 and of light as given in Fig. 21. The
light shows no increase in magnitude after the microwave pulse as does the electron
density. Therefore, the cold electrons must, in fact, have an energy less than the
excitation potential of molecular hydrogen. This fact places the upper bound on the
energy of cold electrons at approximately 10 volts. Thus, when an electron of several
kilovolts energy collides with a hydrogen atom or molecule and ionization occurs, the
electron so formed has an energy not exceeding 10 volts. This conclusion agrees with
findings of Ishino 6 3 and of Bates et al.6 4
Determinations of energy from measurements of X-ray Bremsstrahlung spectra give
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electron "temperatures" of 15-20 keV. These numbers can be reconciled with the tem-
perature determinations just discussed by the "heating" effect produced by the more
rapid loss of slow electrons.
The parameter , defined as the ratio of plasma kinetic pressure to magnetic pres-
sure, can now be calculated. We obtain
2neTpL 4
p 2 5 X 10 , (68)
B
where n has been chosen as no = 5 X 109/cm3; T = 5 keV, and B is 1400 Gauss. Con-
sequently, the plasma produced in these experiments is a very low plasma.
4.4 ALTERNATE PULSING
For many operating conditions, the system would operate in what was termed an
"alternate pulsing" regime. When operating in this regime, each alternate pulse would
produce identical plasma conditions. That is, oscillographic displays of such parameters
as light, diamagnetism, X rays, absorbed power, etc. would be found to repeat on every
other microwave pulse.
The explanation of this phenomenon lies in the microwave properties of the plasma-
cavity system and proceeds as follows: Assume that in a short time interval immediately
preceding a microwave pulse, the plasma density is such that the system is closely
coupled to the microwave line. One might loosely describe the system as being near
resonance. Consequently, the next microwave pulse will be efficiently coupled into the
resonant box and hence into the plasma. The plasma will experience a relatively large
change in average energy. As a result, the plasma will decay slowly to the next pulse
and will have a relatively large density by the time of the next pulse. The system will
be detuned at this time and the heating produced by the next pulse will produce a rela-
tively small change in the plasma energy. Thus, the plasma will decay rapidly in the
succeeding interpulse period, and a low plasma density will be present by the time of the
next power pulse, which will allow efficient heating and a repetition of the phenomenon.
This behavior can be seen in the oscillograms of the axial probe signal of Fig. 34b: If
we interpret these oscillograms as indications of the plasma density, then the density
behavior described above is shown by these oscillograms.
The usual operating condition was in the alternate pulsing condition. This is not sur-
prising because, for repeatability on a pulse-to-pulse basis, the electrons gained in an
interpulse period must be equal to the electrons lost. This will not, in general, be the
case, and to achieve pulse-to-pulse repeatability either the incident microwave power,
the magnetic field or the neutral pressure must be adjusted.
4.5 INTERACTION OF ELECTRONS WITH MICROWAVES
In the course of these experiments, several effects which must be due to the inter-
action of electrons with intense microwaves were noticed. The physical processes
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occurring are not understood.
That one can expect large electric fields in the resonant box, can be seen from the
following crude calculation. In the absence of plasma, it was found that some of the
modes of the resonant box had loaded Q's of the order of 104, Consequently, if the box
is excited with 100 kW of peak power, of which 10% is coupled into the box, the instan-
taneous energy W stored in the box is
QPd -3
W = 5. 5 X 10 joule. (69)
Here, Pd is the power dissipated (104 watts), and w is the radian frequency of the
microwave fields. The total stored energy can be expressed in terms of the electric
fields in the plasma by
W = °E(r) 12d3S N ° 2V (70)
c
where Vc is the volume of the box, and E is approximately the peak electric field in the
volume. Consequently, the peak electric field can be estimated by inserting Eq. 70 into
Eq. 69 and solving for E. This calculation gives a peak electric field of 4X 103 volts/cm.
In the presence of a plasma, one could not expect fields of the above-mentioned mag-
nitude to exist near cyclotron resonance if the number of electrons is great enough to
raise Pd. The estimate may be valuable, however, when the system is operated at low
pressures (mode I). This is indicated, since at low pressures the modes of the resonant
box are easily discernible in the presence of a discharge.
In section 2. 3d we pointed out that the electrons could either gain or lose energy in
one pass through the fields if the electrons already had a large transverse energy. If
the electron lost transverse energy, it could be lost immediately from the discharge if
the charge of transverse velocity caused the electron to fall into the escape cone of the
mirror. This process is a possible explanation for the large flux of X rays seen to occur
at the time of the microwave pulse. It is also a possible explanation of why, in the Oak
Ridge experiments,31 the X-ray intensity is found to drop very sharply when the micro-
wave excitation is removed.
Another indication of effects produced by the interaction of intense microwave fields
with energetic electrons is the existence of the rings of X rays produced on the cavity
and walls (reported in section 3. 7b). These rings are quite fascinating and not under-
stood. These sharp rings indicate that electrons on a well-defined set of field lines are
ejected much more rapidly than their neighbors a few lines away. It is observed that the
rings are most intense on the top and bottom, indicating a variation of cos 0 about the
cavity axis. The only unsymmetrical parts of the experiment are the way in which
microwaves are coupled into the discharge, and the orientation of the microwave electric
fields in the cavity.
59
A third high-energy effect was observed in the variation of X-ray intensity with mag-
netic field. At low pressures, it was observed that the X-ray intensity could be
increased by a factor of from 5 to 10 by carefully adjusting the magnet current to
40 amps. The "resonance" in magnet current was very sharp. This effect may have
been due to the fact that the magnetic field was tuning the resonant box through its action
on the plasma and adjusting the coupling to the microwave line.
4.6 SUGGESTIONS FOR FUTURE EXPERIMENTS
This research has barely examined several fascinating topics.
The noise properties of the plasma were only glanced at. The very intense bursts
of radiation (sec. 3. 8) found at low pressures (mode I) are evidence of a violent
instability that is at frequencies well above the electron plasma frequency and results in
the loss of an appreciable fraction of the energy stored in the plasma. Also, low-level
coherent radiation was seen in mode I throughout the 300-1000 Mc band. At higher pres-
sures, when the discharge operated in mode II, this radiation was not present, and the
only radiofrequency activity was at low frequencies (200 kc). The low frequency could
be evidence of an ion acoustic wave 6 5 in the plasma, but more experiments are required
to determine if this is the case.
A second experimentally observed phenomenon which is still not understood is the
existence of two modes of operation. At low pressures, the plasma is extremely
unstable, and at higher pressures it switches abruptly to a stable mode. This behavior
was also seen in the Oak Ridge experiments.
An investigation should be initiated to determine what regulates the ultimate energy
of the hot electrons. In these experiments, we found that when the system was operated
in mode II, the electron "temperature" was almost independent of incident microwave
power, magnetic field strength, and pressure. This suggests that perhaps the shape of
the mirror magnetic field is limiting the electron energies. Consequently, an experi-
ment for studying the effects of mirror shape on electron energies should prove very
interesting.
In addition to these experiments, one can study: (i) the effects of changing the gas
from hydrogen to, perhaps, argon; (ii) the effects of using longer pulses of microwaves;
(iii) and, of course, what happens when the system is excited with a more powerful
microwave source. One almost certain experimental result of (ii) and (iii) will be more
intense X rays I
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APPENDIX A
Scattering of Electrons in Velocity Space by Neutrals
We shall consider scattering of fast electrons by neutrals.
If the incident electron has an energy much greater than the ionization potential of the
atom, it will penetrate the outer shell of the electrons of the atom or molecule and be
deflected by the nucleus. This is the so-called Reutherford scattering and is treated in
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many sources. A short treatment will be given here.
Consider the encounter between an electron e and a nuclear charge of Z units which
is assumed to be infinitely massive. The attractive force is given by
Ze2 dv AV
f = =dt t (A. 1)
4rrE r
o
e
b y AV Fig. A-1. Geometry of the collision.
Ze
Assuming the deflection AO is small and that the total velocity of the electron remains
unchanged, one finds
Av 2Ze
AO v - (A. 2)
v 4E mv2 b
o
Now the differential scattering cross section is defined by
(O) =sin b dO (A. 3)sin do.
Consequently, after using sin 0 0, one finds
2
r(O0) 422m v4 (A. 4)
4rEmv / 0
The mean-square angle for small-angle scattering is defined by
f 02a(o) d2
<0 > (A. 5)f v(0) d?2
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Here d is the differential solid angle which is given in terms of 0 as
dQ = 2r sin dO 2rO dO. (A. 6)
Performing the integration, one finds
0
2 in max
min 2 max
<G2> _ 1 0min in O (A. 7)
2 2 mm0 0
min max
if Omi n ' the minimum scattering angle, is very much less than the maximum angle Omax
Now the total angle A0 produced as a result of many small-angle collisions can be
expected to increase with time according to
(A0)2 = v<02>t, (A. 8)
where v is the collision frequency, and <o2> is given by Eq. A. 7.
The collision frequency v is found from the relation
v = Nov, (A. 9)
where v is the electron velocity, N is the struck-particle density, and is the collisior
cross section given by
b = (2 (A. 10)
Using Eqs. A. 2, A. 7, and A. 8, we find
(A0) = 8NvtZ r ln bm (A. 1 1)
min
where c is the velocity of light, and
2
e
r =
e mc
O
is the classical electron radius.
The only question left open is the selection of the maximum and minimum impact
parameters. Since the dependence of the expression on these parameters is logarithmic,
the choice of these values will be somewhat approximate. We shall choose b to be
max
the first Bohr radius (ao) of the hydrogen atom divided by the nuclear charge Z to the
one-third power. This dependence on the nuclear charge accounts very roughly for the
shielding of the nucleus by the electrons encircling the nucleus. The minimum impact
parameter is chosen to be that which produces a deflection of 1 radian as calculated from
Eq. A. 2. This value is picked arbitrarily as providing the boundary between large- and
small-angle scattering. We then find
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2
= 8Na 2 a(AO) = 8Nvt zr (C n . (A. 1 Z)
Defining a frequency vs as the rate at which the velocity vector wanders through an
angle of (0),2 we find in convenient units
2 P 7
v (AO) K = - 3.1 X 1 (1 +. 75 ln T), (A. 13)
T3/2
where p is the neutral gas pressure in torr, and T is the electron energy in kilovolts.
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APPENDIX B
Calibration of Diamagnetic Loops
The diamagnetism of a magnetized plasma results from the motion of the electrons
around the magnetic field lines. These gyrating electrons constitute a current which
generates a magnetic field that is in opposition to the applied magnetic field. In this way,
the plasma tries to exclude the applied magnetic field from its interior.
The magnetic moment of a gyrating electron is given in Eq. 2 and is
mV2
F= 2B (B. 1)
Thus, if the plasma electron density is n, the magnetic dipole moment density M is
given by
2
nmVl
M = n = 2B (B. 2)
If a transverse energy U/ is defined as
1 2
=eU- = mV i (B. 3)
we obtain
neU±
M= (B. 4)
If the magnetic field B is known inside the plasma, a measurement of the dipole moment
density M would determine the average transverse energy density in the plasma.
Let us assume that the plasma is in the form of a cylinder of radius R and length L
and that the magnetic field and the plasma are uniform in this region. Thus M is uni-
form in the cylinder and zero elsewhere.
The magnetic dipole density M can be considered as an induction which has been gen-
erated by a surface current K flowing around a cylinder of radius R in the 0 direction.
The magnitude of the surface current is equal to the magnitude of M. Consequently, the
diamagnetic effects of the plasma may be simulated by a closely wound solenoid that has
the radius and length of the plasma.
In this experiment, the plasma is produced in a cylindrical stainless-steel box,
1/8 inch thick. The plasma diamagnetism is detected with two loops of wire. One loop
consists of 10 turns of wire wrapped around the outside circumference of the box, and
the other loop consists of 100 turns of wire wrapped on a 5/8 inch core and inserted just
inside the box. The small loop is placed in a stainless-steel can, 0. 005 inch thick, to
shield it from the microwaves. These loops react to the magnetic field created by the
plasma diamagnetism. If the box were made of a nonconductor, a voltage would appear
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across a loop which was proportional to the rate of charge of the flux induced by the
plasma and enclosed by the loop. The conducting box, however, tends to confine the
diamagnetic fields and complicates the interpretations of the signals developed across
the loops.
Smullin, Getty, and Parker 6 7 have shown in analyzing a similar experiment that for
the large outside loop, the effects of the conducting box on the signal can be compensated
approximately by electronically processing the signal induced in the diamagnetic loop.
They show that in the frequency domain the Laplace transform of the output voltage V(s)
is related to the flux in the coil by
V(s) = K s (s). (B. 5)
Consequently, passing the output voltage through an electronic circuit that has a system
function proportional to (s+a)/sa will give a voltage proportional to the flux.
Fig. B-1. Operational amplifier circuit.
JTPUT
The circuit that Parker et al. use6 7 is the same as that used in these experiments
and consists of a Tektronix type "O" operational amplifier connected as shown in
Fig. B-1.
The diamagnetic loops were calibrated by the following procedure. The plasma was
simulated by a solenoid of 125 turns, of radius equal to that of the plasma (see sec. 3.4c)
and length equal to that of the resonant box. The solenoid was placed along the axis of
the resonant box and excited with current pulses 5, 20, 150, and 700 ILsec long. The
solenoid current was monitored on an oscilloscope. The voltage induced in the diamag-
netic loops was processed by the circuit shown in Fig. B-1 and then displayed on an
oscilloscope. The parameters R 2 and C of Fig. B-l were carefully adjusted so that the
waveforms of the processed voltages from the diamagnetic loops were as similar as pos-
sible to the current waveform. The proportionality constants between the processed
voltages and the solenoid current were then recorded.
Once the proportionality constants between the solenoid current and the processed
voltages were known, the processed voltages were related to the corresponding plasma
energy density as follows. The solenoid current was related to an equivalent surface
current and the equivalent plasma dipole moment density M by
K = M = IN, (B. 6)
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where N is the number of turns per meter of the solenoid. Combining Eqs. B. 2 and B. 4
and using the experimentally determined proportionality constant Cm gives
BNV
nUL C e C BV. (B. 7)
m
For these experiments, the proportionality constant C1 was found to be, for the
large coil,
Cl= 1 X 10 1 3 electron volts (B.8)
cm3 kilogauss volts
and for the small coil,
C = 7 x 10 3f electron volts (B.9)
s Lcm 3 kilogauss volts
It was found that very good agreements between the waveforms obtained from the small
loop and the current waveform could be achieved for times greater than 0. 2 Lsec and
less than 50 pLsec. The minimum time was determined by bandwidth limitations of the
operational amplifier. The maximum time was determined by the diffusion of the flux
through the walls of the box. Good agreement was obtained for the large coil for times
greater than approximately 20 Fsec.
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APPENDIX C
X-band Plasma Density Measurement Technique
The electron density of the plasma produced in these experiments was measured by
using a variation of the well-known cavity perturbation technique of Rose and Brown. 5 1
The new technique involves the measurement of the perturbation, caused by the plasma,
of many of the higher order cavity modes of the resonant box.
Rose and BrownS1 show that the frequency shift of the n t h mode of a resonant cavity,
in the absence of a static magnetic field, is given by
V ~p(r) | n| 2 d 3
=f ,V (C. 1)
o 2 V
C
where
Af is the frequency shift of the nth mode;
f = Wo/Zwr is the unperturbed resonant frequency of the mode;
V is the volume of the plasma;
p
V is the volume of the cavity;
th
en(r) is the normalized electric field of the n mode; and
2-W (r) is the electron plasma frequency
The electron plasma frequency is given by
2
n(r) e2
X (r) = - (C. 2)p mE
where n(r) is the electron density as a function of position, e is the electronic charge,
m is the electron mass, and E is the permittivity of free space.
The electric field, e n(r), is normalized according to the equation
S r) | d r (C. 3)
c
If a static magnetic field is present, the cavity perturbation formula given in Eq. C. 1
can be greatly altered if the electron-cyclotron frequency is near the applied frequency.
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If the electron-cyclotron frequency is much less than the applied frequency, the magnetic
field will cause only a small effect on the perturbation of the cavity mode caused by the
plasma. In this limit, (C. 1) can be used in the presence of a static magnetic field.
Consider a plasma in a cavity which is excited near the resonant frequency of one of
its higher order modes. Assume that the plasma is very large compared with a cubic
half-wavelength (/2) 3 at the applied frequency. The integral given in (C. 1) can be eval-
uated by defining an average plasma density <n> by
>= I A
<n> =V i (r) enI dr. (C. 4)
P
This average density will be very close to a true average taken over the volume of the
plasma if the plasma is nearly uniform in a volume of the order of (/2)3, where is
the wavelength at the applied frequency. Thus, we find from Eqs. C. 1 and C. 4
Af I <1 P P 1< n>e2 pf - 2 V~i -2. (C. 5)f Z 2 V 2 2V
c me W c
o
The relation given in (C. 5) requires only that the plasma volume and cavity volume
be known. It holds in an arbitrarily shaped cavity for any higher order cavity mode with
resonant frequency near f if all dimensions of the plasma are much greater than the
wavelength at the probing frequency.
In these experiments, the resonant box was excited at 9. 5 Gc when using this tech-
nique. At this frequency, the cavity volume is approximately 7000 cubic half-wavelengths,
which means that the fields in the cavity will be principally those of modes whose mode
number is near 7000. Here the mode separation was found experimentally to be
1.69 Mc/mode over an average of 100 modes. The average over 10 modes was found to
vary between 2. 2 and 1.27 Mc/mode.
The plasma created in these experiments causes as many as 25 of the empty cavity
modes to be shifted past a given frequency. According to our theory, each higher order
mode near the probing frequency is detuned equally by the plasma. Therefore, the total
frequency shift of any one of the modes Af is given approximately by
Af f 6sf, (C. 6)
where is the number of modes that have shifted past the probing frequency, and 6f is
the average frequency separation of the modes. The approximation given in (C. 6) will
improve as the number of modes becomes large.
After combining Eqs. C. 5 and C. 6, we find an expression for the average plasma
electron density in terms of the parameters above:
41rme W S6f V
<n> 020 c (C. 7)
e p
e p
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It is interesting to calculate how this equation scales with frequency. The mode
number M of a large cavity is given by
M 8= ()3V (C. 8)
Consequently,
AM = 8-r f2 (C. 9)
c
Thus, if AM is 1, then Af = f and we find
3V
f - c (C. 10)87r f2
Thus, after substituting this result in Eq. C. 7, we find, for a given plasma density,
plasma volume, and cavity volume, that the number of modes shifted by the plasma past
a given frequency is proportional to the probing frequency, that is,
°fccf (C. 11)
Thus, the accuracy of the technique can be improved by increasing the probing frequency.
In the discussion above it has been assumed that the higher order modes can be
observed experimentally. If the mode number is extremely high, this may not be the
case because energy coupled out of the cavity through various ports constitutes a load
on the cavity which tends to broaden the resonances and may cause the modes to be indis-
tinguishable experimentally. In this limit, this technique fails.
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APPENDIX D
X-ray Bremsstrahlung Measurements
The relations between the electron distribution function and the Bremsstrahlung spec-
trum will now be developed. A nonrelativistic treatment is used. The technique used for
measuring the "temperature" of the hot electrons is explained, as well as the method of
determining the plasma density from the X-ray intensity. These same techniques were
used by the group at Oak Ridge. 3 1
D. 1 ESTIMATE OF THE PLASMA TEMPERATURE
Panofsky and Phillips 6 8 show that the total energy radiated, U in the frequency
interval d, by an electron colliding with a point charge of Z units is given approxi-
mately by
2Z2e2r2
U do = z 0 c do for --
C 3rr u2b b
c
= 0 for ]co[ >_ , (D. 1)
where
e is the electronic charge;
r is the classical electron radius (e2/4rE mc2);
c is the velocity of light;
E is the permittivity of free space;
o
u is the electron velocity;
b is the distance of closest approach if the electron were not deflected (impact
parameter).
This energy U can be converted to an equivalent number y(E) of photons of energy E
in volts as follows: The total energy radiated in the band do is equal to the total number
of photons of energy eE in the energy range dE, that is,
UW dw = eEy(E) dE (D. 2)
or
U
y(E) = eE dE' (D. 3)
The energy of a photon is related to its frequency by
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eE = liw, (D. 4)
where e is the electronic charge, and h is Planck's constant (h) divided by 2Tr. Hence
dw edE =f e (D. 5)
Thus we find from Eqs. D. 1, D. 3, and D. 5
2  2r 2
2Z e r hu
y(E) = 2 E for >E
3Eeb
o
= 0, for -e < E. (D. 6)
Let us define a photon radiation cross section (E) by
max Z Zr2ac b16 o max
a(E) ( = y E) rb db = 2 n b (D. 7)
bin Eu min
mi n
Here we have introduced the fine-structure constant a = e /(4rEo0 hc). The maximum
value of the impact parameter b max for electrons colliding with hydrogen molecules is
taken as the first Bohr radius, a, of the hydrogen atom. The minimum impact param-
eter bmin is determined by assuming that the electron radiates all of its energy as a
result of the collision. Consequently,
hb . - h(D. 8)min mu
The number of photons/sec (P(E)) at energy E radiated by an electron moving through
hydrogen is the product of the radiation cross section (E) by the electron velocity u by
the hydrogen gas density N:
Z r ac mua
P(E) = No(E) u = 16 E N ln (D. 9)
in which, for hydrogen, Z = 1.
We wish to calculate the photons emitted by a group of electrons which is described
by an electron distribution function f(U). Only electrons whose energy U is greater than
E can produce photons at energy E. Consequently, if n is the electron density, we find
the total number of photons (E) in a unit energy range, generated in a unit volume of the
plasma each second,
1(E) = n P(E) f(U) dU, (D. 10)
where the electron energy distribution is assumed to be normalized as
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f(U) dU = 1. (D. 11)
The substitution of Eq. D. 9 in Eq. D. 10 yields for hydrogen
2 2
16 r ac (co f(U) (ma u\
3 E u Nrj(E) = 3 °E Nn) & i ng kh 0 dU. (D. 12)
The logarithmic factor in the integrand is not a strong function of velocity u. Con-
sequently, we shall assume that it can be removed from within the integral sign, and that
u may be replaced by c in the argument of the logarithms. Upon evaluating all the con-
stants, we find
=(E) 4 5 -15 7EX Ul/2f(U) dU, (D. 13)
where ,](E) has the units of photons/cm 3 , keV, sec; N and n have units of particles/cm3;
and E and U have units of keV.
Equation D. 13 can be solved for the distribution function f(E) by multiplying the equa-
tion by E and then differentiating with respect to E. One finds
f(E) 2.2 X 1014 E1/ d [Et(E)]. (D. 14)
Nn dE
From this expression, we see that the function 7(E) must fall at least as fast as 1/E to
give physically meaningful results. Consequently, any bumps or flat regions in an
experimental photon spectrum are evidence of improper experimental technique.
Let us consider the case of a Maxwellian distribution for f(U). The Maxwellian dis-
tribution in energy is
Z U1/2e -U / T
f(U) -e , (D. 15)
wNII T3/2
where T is the temperature of the distribution. If this distribution is substituted in
(D. 13), the integral contained there can be evaluated and we have
r(E) Nn 5. 2 X(D. 10 1 5 6)
ET1/2
Equation D. 16 shows that the Bremsstrahlung spectrum of a Maxwellian distribution
will fall essentially as - E /T for E greater than T. Thus, the e-folding energy of an
exponentially falling Bremsstrahlung spectrum can be used as an estimate of the "tem-
perature" of the hot plasma electrons.
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D. 2 PLASMA DENSITY MEASUREMENT FROM X RAYS
The electron density of the plasma can be estimated by making an absolute measure-
ment of the intensity of the X rays generated in the plasma volume. We shall assume
that the electron distribution function is Maxwellian above some energy E .
Let us define the parameter I as the integral of Eq. D. 16 from Eo to infinity:
= (E) dE 5.2 X 10 - 5 Nn 50 e-E/T
E T1/2 o
The parameter I is then the total number of photons of energy greater than or equal to
E° that are radiated per second from a cubic centimeter of plasma. The integral
expressed in (D. 17) may be expressed in terms of a series, as
0
-E/T 0 (-1) nan
g(T) = e dE = -ln a + nn ' (D. 18)
o 1 
where y is the Euler number (0. 5772157-), and a is the ratio Eo/T. This form is not
convenient for computation. Consequently, we approximate the function g(T) by
g(T) = 0.36[T/E -0.4] for 0.6 T/Eo < 2.0. (D. 19)
This approximation is accurate within 10% over the range indicated.
D. 3 X-RAY COLLIMATOR CALCULATIONS
In these experiments a lead X-ray collimator was constructed and was used to
observe X rays generated along the axis of the plasma. The collimator viewed a solid
angle of 1.9 X 10 3 steradian.
When the discharge was operated, the X rays from a cylindrical volume Vp, approx-
imately 12 inches long with a cross section of one square inch, passed through the colli-
mator and were detected by a sodium iodide detector. Only a small fraction of the
X rays generated in this volume actually passed into the collimator. This fraction can
be calculated as follows: Consider X rays generated in some small volume in the
plasma. Assuming that the Bremsstrahlung is isotropic, the probability S of these
X rays falling into the collimator is given by the solid angle seen from the small volume
of plasma which is subtended by the collimator divided by 4 w.
We are now in a position to calculate the total X-ray flux, F, which falls into the
collimator. The flux F has the dimensions of photons per second. We have
F = SIVp, (D. 20)
where I is the X-ray intensity and is given by (D. 17); S for this experiment is 1 X 10- 5;
and V is 200 cm 3 . Consequently, the formula used for calculation of the plasma
p
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electron density from the X-ray intensity, from Eqs. D. 17, D. 19, and D. 20, is
T1/2F 2.6 X 1017
n = . (D. 21)
N[T/Eo-0.4]
A somewhat more convenient form for experimental purposes is obtained by expressing
the neutral density N in terms of the background pressure. We find
7.2 FT1/ 2
n = (D. 22)
p[T/Eo-0.4]
where
n is the plasma electron density [electrons/cm3];
F is the X-ray flux into the collimator [photons/sec];
T is the temperature of the assumed Maxwellian distribution [keV];
p is the background pressure [torr]; and
E is the lower cutoff energy [keV].
This experimental technique is subject to the two serious sources of experimental
error: (i) the plasma density distribution function is assumed to be Maxwellian at tem-
perature T; and (ii) high atomic number impurities in the plasma will cause the plasma
density calculated by this equation to be of the order of Z2 times greater than the actual
density. The impurity problem is particularly severe when the system is operated at
low pressures near the base pressure of the system. Thus, determinations of plasma
density from the absolute measurements of the X-ray intensity are expected to be very
unreliable - particularly at low pressures. These measurements should show, however,
on a relative basis, how the hot plasma density changes with time.
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APPENDIX E
Evaluation of Integrals Developed in Section 4. 3
In section 4. 2 an integral was developed which gave approximately the decay of the
density of a plasma because of the scattering of electrons out of the loss cone. The
initial density distribution was assumed to be Maxwellian. The average energy of the
plasma was given as the ratio of two integrals. Here we give the mathematical proce-
dures for evaluating these integrals.
E. 1 EVALUATION OF THE DENSITY INTEGRAL
The first integral gives the electron density of the plasma as a function of time. From
Eq. 57,
n(t) = K & U1/2 e-[(U/T)+(at/U)] dU. (E. 1)
0
The differentiation of (E. 1) with respect to (at) gives
dn(t)-K 0 ul/2 e-[(U/T)+(at/U)] dU (E. 2)
d(at)
The second derivative of n(t) with respect to (at) is
= n(t)K U - 3 / 2 e - [ (U/T)+(at/U)] dU (E. 3)
d(at) 0
U atWe now change variables in (E. 3) by substituting U = t and findT p
d n(t) K (10 -1/2 e-[(at/p)+(p/T)] dp
d(at)2 (Tat) 1/2 0
1 dn(t) (E. 4)
(Tat) 1/2 d(at)
Integrating (E. 4) twice gives
n(t) = C e2(at/T) / i1+2(at)1/2 + D. (E. 5)
The two constants of integration are evaluated by noting that when t = 0, n n (the
initial electron density) and at t = o0, n = 0. Consequently,
n(t) e2(at/T)/2 at)1/2 (E. 6)
n(t) = n 0 1+( .)j.(E. 6)
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E. 2 EVALUATION OF THE AVERAGE TEMPERATURE
The average energy of the distribution as a function of time may be defined as
<U> =
I 0 u 3/ 2 e-[(U/T)+(at/U)] dU
fO U 1/ e-[(U/T)+(at/U)] dU
(E. 7)
Let
I = o u3/2
0
e- [ (U/T)+(at/U)] dU.
Then
-I
<U> d--I
d(at)
Consider
d(at)
U1 / 2 e- [( U/T)+(at/U)] dU.
Integrating once by parts gives
dI _ -2I 2at 0
d(at) 3
U-1/2 e-[(U/T)+ (at/U)]dUU- du.
Let J be the integral in (E. 11).
J = 2 dI at 0U - 3/24T dat a
(E. 11)
Integrating J once by parts gives
(E. 12)
U atWe now change variables of integration as in the previous case by substituting UT= aP and
find
J = 2
T
1 dI (E. 13)
After substituting (E. 13) in (E. 11), one finds an algebraic equation involving I and dI
d(at)
This equation can be solved for the average energy <U> given by (E. 9). The result is
4at
1 + 2 
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(E. 14)
(E. 8)
(E. 9)
(E. 10)
- ---- __
-[(/T)+ (at /U) dU,
(_t )l /Z ) d (at)(1+2 T
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